
Contents Volume1

Deriv ativ es and Geom etry in R3 1

1 W hat is M athem ati cs? 3
1.1 Int roduct ion . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 The Modern World . . . . . . . . . . . . . . . . . . . . 3
1.3 The Role of Mathemat ics . . . . . . . . . . . . . . . . 6
1.4 Design and Product ion of Cars . . . . . . . . . . . . . 11
1.5 Navigat ion: From Stars to GPS . . . . . . . . . . . . . 11
1.6 Medical Tomography . . . . . . . . . . . . . . . . . . . 11
1.7 Molecular Dynamics and Medical Drug Design . . . . 12
1.8 Weather Predict ion and Global Warming . . . . . . . . 13
1.9 Economy: Stocks and Opt ions . . . . . . . . . . . . . . 13
1.10 Languages . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.11 Mathematics as the Languageof Science . . . . . . . . 15
1.12 The Basic Areasof Mathemat ics . . . . . . . . . . . . 16
1.13 What Is Science? . . . . . . . . . . . . . . . . . . . . . 17
1.14 What Is Conscience?. . . . . . . . . . . . . . . . . . . 17
1.15 How to View this Book as a Friend . . . . . . . . . . . 18

2 T he M athe mati cs Laborato r y 21
2.1 Int roduct ion . . . . . . . . . . . . . . . . . . . . . . . . 21
2.2 Math Experience . . . . . . . . . . . . . . . . . . . . . 22



XVIII Contents Volume 1

3 I nt ro ducti on to Mo del ing 25
3.1 Int roduct ion . . . . . . . . . . . . . . . . . . . . . . . . 25
3.2 The Dinner Soup Model . . . . . . . . . . . . . . . . . 25
3.3 The Muddy Yard Model . . . . . . . . . . . . . . . . . 28
3.4 A System of Equat ions . . . . . . . . . . . . . . . . . . 29
3.5 Formulat ing and Solving Equat ions . . . . . . . . . . . 30

4 A Very Short Cal cul us Course 33
4.1 Int roduct ion . . . . . . . . . . . . . . . . . . . . . . . . 33
4.2 Algebraic Equat ions . . . . . . . . . . . . . . . . . . . 34
4.3 Di� erent ial Equat ions . . . . . . . . . . . . . . . . . . 34
4.4 Generalizat ion . . . . . . . . . . . . . . . . . . . . . . . 39
4.5 Leibniz• Teen-Age Dream . . . . . . . . . . . . . . . . 41
4.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.7 Leibniz . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

5 N atural N umbers and In te gers 47
5.1 Int roduct ion . . . . . . . . . . . . . . . . . . . . . . . . 47
5.2 The Natural Numbers . . . . . . . . . . . . . . . . . . 48
5.3 Is There a Largest Natural Number? . . . . . . . . . . 51
5.4 The Set N of All Natural Numbers . . . . . . . . . . . 52
5.5 Integers . . . . . . . . . . . . . . . . . . . . . . . . . . 53
5.6 Absolute Value and the Distance

Between Numbers . . . . . . . . . . . . . . . . . . . . . 56
5.7 Division with Remainder . . . . . . . . . . . . . . . . . 57
5.8 Factorization into Prime Factors . . . . . . . . . . . . 58
5.9 Computer Representat ion of Integers . . . . . . . . . . 59

6 M athem ati cal I nducti on 63
6.1 Induction . . . . . . . . . . . . . . . . . . . . . . . . . 63
6.2 Changesin a Populat ion of Insects . . . . . . . . . . . 68

7 R ati onal N um bers 71
7.1 Int roduct ion . . . . . . . . . . . . . . . . . . . . . . . . 71
7.2 How to Construct the Rational Numbers . . . . . . . . 72
7.3 On the Need for Rat ional Numbers . . . . . . . . . . . 75
7.4 Decimal Expansions of Rational Numbers . . . . . . . 75
7.5 Periodic Decimal Expansions of Rational Numbers . . 76
7.6 Set Notat ion . . . . . . . . . . . . . . . . . . . . . . . . 80
7.7 The Set Q of All Rat ional Numbers . . . . . . . . . . . 81
7.8 The Rat ional Number Line and Intervals . . . . . . . . 82
7.9 Growth of Bacteria . . . . . . . . . . . . . . . . . . . . 83
7.10 Chemical Equilibr ium . . . . . . . . . . . . . . . . . . 85



Contents Volume 1 XIX

8 Pyt hagor as and Euclid 87
8.1 Int roduct ion . . . . . . . . . . . . . . . . . . . . . . . . 87
8.2 PythagorasTheorem . . . . . . . . . . . . . . . . . . . 87
8.3 The Sum of the Angles of a Triangle is 180� . . . . . . 89
8.4 Similar Triangles . . . . . . . . . . . . . . . . . . . . . 91
8.5 When Are Two Straight LinesOrt hogonal? . . . . . . 91
8.6 The GPS Navigator . . . . . . . . . . . . . . . . . . . . 94
8.7 Geometric De“ nit ion of sin(v) and cos(v) . . . . . . . 96
8.8 Geometric Proof of Addit ion Formulas for cos(v) . . . 97
8.9 Remembering Some Area Formulas . . . . . . . . . . . 98
8.10 Greek Mathemat ics . . . . . . . . . . . . . . . . . . . . 98
8.11 The Euclidean Plane Q2 . . . . . . . . . . . . . . . . . 99
8.12 From Pyt hagorasto Euclid to Descartes . . . . . . . . 100
8.13 Non-Euclidean Geometry . . . . . . . . . . . . . . . . 101

9 W hat is a Functi on? 103
9.1 Int roduct ion . . . . . . . . . . . . . . . . . . . . . . . . 103
9.2 Funct ions in Daily Life . . . . . . . . . . . . . . . . . . 106
9.3 Graphing Functions of Integers . . . . . . . . . . . . . 109
9.4 Graphing Functions of Rat ional Numbers . . . . . . . 112
9.5 A Funct ion of Two Variables . . . . . . . . . . . . . . 114
9.6 Funct ions of Several Variables . . . . . . . . . . . . . . 116

10 Poly nomia l func tions 119
10.1 Int roduct ion . . . . . . . . . . . . . . . . . . . . . . . . 119
10.2 Linear Polynomials . . . . . . . . . . . . . . . . . . . . 120
10.3 Parallel Lines . . . . . . . . . . . . . . . . . . . . . . . 124
10.4 Ort hogonal Lines . . . . . . . . . . . . . . . . . . . . . 124
10.5 Quadratic Polynomials . . . . . . . . . . . . . . . . . . 125
10.6 Ari thmet ic with Polynomials . . . . . . . . . . . . . . 129
10.7 Graphs of General Polynomials . . . . . . . . . . . . . 135
10.8 PiecewisePolynomial Functions . . . . . . . . . . . . . 137

11 Com bina t ions of func tions 141
11.1 Int roduct ion . . . . . . . . . . . . . . . . . . . . . . . . 141
11.2 Sum of Two Functions and Product

of a Funct ion with a Number . . . . . . . . . . . . . . 142
11.3 Linear Combinat ions of Funct ions . . . . . . . . . . . . 142
11.4 Mult iplication and Division of Funct ions . . . . . . . . 143
11.5 Rational Funct ions . . . . . . . . . . . . . . . . . . . . 143
11.6 The Composit ion of Funct ions . . . . . . . . . . . . . . 145

12 L ipschitz Contin uit y 149
12.1 Int roduct ion . . . . . . . . . . . . . . . . . . . . . . . . 149
12.2 The Lipschitz Cont inuity of a Linear Funct ion . . . . . 150



XX Contents Volume 1

12.3 The De“ nit ion of Lipschitz Cont inuity . . . . . . . . . 151
12.4 Monomials . . . . . . . . . . . . . . . . . . . . . . . . . 154
12.5 Linear Combinat ions of Funct ions . . . . . . . . . . . . 157
12.6 Bounded Functions . . . . . . . . . . . . . . . . . . . . 158
12.7 The Product of Funct ions . . . . . . . . . . . . . . . . 159
12.8 The Quotient of Funct ions . . . . . . . . . . . . . . . . 160
12.9 The Composit ion of Funct ions . . . . . . . . . . . . . . 161
12.10 Funct ions of Two Rat ional Variables . . . . . . . . . . 162
12.11 Funct ions of Several Rat ional Variables . . . . . . . . . 163

13 Sequences and limit s 165
13.1 A First Encounter with Sequencesand Limits . . . . . 165
13.2 Socket Wrench Sets . . . . . . . . . . . . . . . . . . . . 167
13.3 J.P. Johansson•sAdjustable Wrenches . . . . . . . . . 169
13.4 The Power of Language:

From In“nitely Many to One . . . . . . . . . . . . . . 169
13.5 The � Š N De“ nit ion of a Limit . . . . . . . . . . . . . 170
13.6 A Converging Sequence Has a Unique Limit . . . . . . 174
13.7 Lipschitz Cont inuous Functions and Sequences . . . . 175
13.8 Generalization to Funct ions of Two Variables . . . . . 176
13.9 Comput ing Limits . . . . . . . . . . . . . . . . . . . . 177
13.10 Computer Representat ion of Rat ional Numbers . . . . 180
13.11 Sonya Kovalevskaya . . . . . . . . . . . . . . . . . . . 181

14 T he Square R oot of T wo 185
14.1 Int roduct ion . . . . . . . . . . . . . . . . . . . . . . . . 185
14.2

�
2 Is Not a Rat ional Number! . . . . . . . . . . . . . 187

14.3 Comput ing
�

2 by the Bisection Algorithm . . . . . . . 188
14.4 The Bisection Algorithm Converges! . . . . . . . . . . 189
14.5 First Encounters with Cauchy Sequences. . . . . . . . 192
14.6 Comput ing

�
2 by the Deca-sectionAlgorithm . . . . . 192

15 Real numbers 195
15.1 Int roduct ion . . . . . . . . . . . . . . . . . . . . . . . . 195
15.2 Adding and Subtracting Real Numbers . . . . . . . . . 197
15.3 Generalization to f (x, x̄) with f Lipschitz . . . . . . . 199
15.4 Multiplying and Dividing Real Numbers . . . . . . . . 200
15.5 The Absolute Value . . . . . . . . . . . . . . . . . . . . 200
15.6 Comparing Two Real Numbers . . . . . . . . . . . . . 200
15.7 Summary of Arithmetic with Real Numbers . . . . . . 201
15.8 Why

�
2
�

2 Equals 2 . . . . . . . . . . . . . . . . . . . 201
15.9 A Re” ection on the Nature of

�
2 . . . . . . . . . . . . 202

15.10 Cauchy Sequencesof Real Numbers . . . . . . . . . . . 203
15.11 Ext ension from f : Q � Q to f : R � R . . . . . . . . 204
15.12 Lipschitz Cont inuity of Extended Funct ions . . . . . . 205



Contents Volume 1 XXI

15.13 Graphing Functions f : R � R . . . . . . . . . . . . . 206
15.14 Extending a Lipschitz Cont inuous Function . . . . . . 206
15.15 Intervals of Real Numbers . . . . . . . . . . . . . . . . 207
15.16 What Is f (x) i f x Is Irrat ional? . . . . . . . . . . . . . 208
15.17 Cont inuity Versus Lipschitz Cont inuity . . . . . . . . . 211

16 T he B isection A lgor ithm for f (x) = 0 215
16.1 Bisect ion . . . . . . . . . . . . . . . . . . . . . . . . . . 215
16.2 An Example . . . . . . . . . . . . . . . . . . . . . . . . 217
16.3 Computational Cost . . . . . . . . . . . . . . . . . . . 219

17 D o Ma t hemat ic ians Qu ar rel?* 221
17.1 Int roduct ion . . . . . . . . . . . . . . . . . . . . . . . . 221
17.2 The Formalists . . . . . . . . . . . . . . . . . . . . . . 224
17.3 The Logicists and Set Theory . . . . . . . . . . . . . . 224
17.4 The Construct ivists . . . . . . . . . . . . . . . . . . . . 227
17.5 The Peano Axiom System for Natural Numbers . . . . 229
17.6 Real Numbers . . . . . . . . . . . . . . . . . . . . . . . 229
17.7 Cantor Versus Kronecker . . . . . . . . . . . . . . . . . 230
17.8 Deciding Whether a Number is Rat ional or Irrat ional . 232
17.9 The Set of All PossibleBooks . . . . . . . . . . . . . . 233
17.10 Recipes and Good Food . . . . . . . . . . . . . . . . . 234
17.11 The • New MathŽ in Elementary Education . . . . . . 234
17.12 The Search for Rigor in Mathematics . . . . . . . . . . 235
17.13 A Non-Constructive Proof . . . . . . . . . . . . . . . . 236
17.14 Summary . . . . . . . . . . . . . . . . . . . . . . . . . 237

18 T he Func tion y = xr 241
18.1 The Function

�
x . . . . . . . . . . . . . . . . . . . . . 241

18.2 Computing with the Function
�

x . . . . . . . . . . . . 242
18.3 Is

�
x Lipschitz Cont inuous on R+ ? . . . . . . . . . . . 242

18.4 The Function xr for Rat ional r = p
q . . . . . . . . . . . 243

18.5 Computing with the Function xr . . . . . . . . . . . . 243
18.6 Generalizing the Concept of Lipschitz Cont inuit y . . . 243
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