27
The Integral

The two questions, the “rst that of “ndi ng the description of the
curve from its elements, the second that of “ndi ng the “gure from
the given di e rences, both reduce to the same thing. From this it
can be taken that the whole of the theory of the inverse method of
the tangerts is reducible to quadratures. (Leibniz 1673)

Utile erit scribit  pro omnia. (Leibniz, October 29 1675)

27.1 Primitiv e Functions and Integrals

In this chapter, we begin the study of the subject of di erential equations,
which is one of the common ties binding together all areas of science and
engineering, and it would be hard to overstateits importance. We have been
preparing for this chapter for a long time, starting from the beginning with
Chapter A very short course in Calculus, through all of the chapters on
functions, sequenceslimit s, real numbers, derivativ es and basic di er ertial
equation models. So we hope the gertle reader is both excited and ready
to embark on this new exploration.

We begin our study with the simplest kind of di er ertial equation, which
is of fundamental importance:

Given thefuncti on f : | R de“ned on theinterval | =[a,b],
“nd afuncti on u(x)on I, such that the derivativeu (x) of u(x)
isequd tof (x) for x 1.
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We can formulate this problem more concisely as: given f : | R “nd
u:l R sud that

u(x)=f(x) (272)
for all x I.We call the solution u(x) of the di er ential equation u (x) =
f(x) for x |, aprimitive function of f (x), or an integral of f (x). Some-

times the term antiderivative is also used.

To understand what we mean by < solvingZ (27.1), we consider two simple
examples.If f (x)=1for x R, then u(x) = x is a solution of u (x) = f (x)
for x R, sinceDx =1 for all x R. Likewiseif f (x) = x, then u(x) =
x?/ 2 is a solution of u (x) = f(x) for x R, since Dx?/2 = x for x R.
Thus the function x is a primitive function of the constant function 1, and
x2/ 2 is a primitiv e function of the function x.

y
A y = X

<

Fig. 27.1. Dx =1 and D(x?/2) = x

We emphasize that the solution of (27.1) is a functi on de“ned on an
interval. We can interpret the problem in physica terms if we suppose that
u(x) represerts some accumulated quantity like a sum of money in a bank,
or an amount of rain, or the height of a tree, while x represerts some
changing quantity like time. Then solving (27.1) amounts to computing
the total accumulated quantity u(x) from knowledge of the rate of growth
u (x) = f(x) at each instant x. This interpretation suggests that “nding
the total accumulated quantity u(x) amounts to adding little pieces of
momertary increments or changes of the quantity u(x). Thus we expect
that “nding the integal u(x) of a function f (x) satisfying u (x) = f (x)
will amount to some kind of summaion.
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A familiar example of this problem occurs when f (x) is a velocity and
X represents time so that the solution u(x) of u (x) = f (x), represents the
distance traveled by a body moving with instantaneousvelocity u (x) =
f (x). As the examples above show, we can sdve this problem in simple
cases,for example when the velocity f (x) is equal to a constant v for all
x and therefore the distance traveled during a time x is u(x) = vx. If we
travel with constant velocity 4 miles/ hour for two hours, then the distance
traveledis 8 miles. We reach these8 miles by accumulating distance foot-
by-foot, which would be very apparent if we are walking!

An important observation is that the di erertial equation (27.1) alone
is not su cien t information to determine the sdution u(x). Consider the
interpretation whenf represerns velocity and u distancetraveledby a body.
If we want to know the position of the body, we needto know only the
distance tr aveled but alsothe starting position. In general, a solution u(x)
to (27.1) is determined only up to a constant, becawse the derivative of
a constant is zero. If u (x) = f(x), then also (u(x) + ¢) = f(x) for any
constart c. For example, both u(x) = x2 and u(x) = x?+ 1 satisfy u (x) =
2x. Graphically, we can seethat there are many «parallelZ functions that
have the same slope at every point. The constant may be speci‘ed by
specifying the value of the function u(x) at some point. For example, the
solution of u (x) = x is u(x) = x?+ ¢ with ¢ a constant, and specifying
u(0) = 1 givesthat c=1.

u(x)+ c

/c u(x)

slopef (x)

Fig. 27.2. Two functions that have the same slope at every point

More generally, we now formulate our basic problem as follows: Given
f:[a,b] Randug “nd u:[a,b] R sud that

u(x)=f(x) fora<x b,

u(a) = U, (272)
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where u, is agiveninitial value. The problem (27.2) is the simplest example
of an initial value probleminvolving a di er ential equation and an initia |
value. The terminology natur ally couplesto situationsin which x represens
time and u(a) = u, amounts to specifying u(x) at the initial time x = a.
Note that we often keepthe initial value terminology even if x represers
a quantity di er ent from time, and in case x represens a space coordinate
we may alternatively refer to (27.2) asa boundary value problemwith now
u(a) = u, represerning a given boundary value.

We shdl now prove that the initial value problem (27.2) has a unique
solution u(x) if thegiven function f (x) isLipschitz continuouson [a, b]. This
is the Fundamental Theorem of Calculus, which stated in words says that
a Lipschitz continuous function has a (unique) primitiv e function. Leibniz
referred to the Fundamental Theorem as the «inversemethod of tangentsZ
becausehe thought of the problem astrying to “nd acurvey = u(x) given
the slope u (x) of its tangent at every point x.

We shdl give a constructive proof of the Fundamental Theorem, which
not only provesthat u : | R exists, but also gives a way to compute
u(x) for any givenx [a,b] to any desired accuracy by computing a sum
involving valuesof f (x). Thus the version of the Fundamental Theorem we
prove contains two results: (i) the existenceof a primitiv e function and (ii)
away to compute a primitiv e function. Of course,(i) isreally a consequence
of (i) sinceif we know how to compute a primitiv e function, we also know
that it exists. Theseresuts are analogous to de“ning 2 by constructing
a Cauchy sequenceof approximate solutions of the equation x? = 2 by
the Bisection algorithm. In the proof of the Fundamerntal Theorem we
shall also construct a Cauchy sequence of approximate solutions of the
di er ential equation (27.2) and show that the limit of the sequenceis an
exact solution of (27.2).

We shall expressthe solution u(x) of (27.2) given by the Fundamental
Theorem in terms of the data f (x) and u, as follows:

X
u(x) = f(y)dy+u, fora x b, (27.3)

a

where we refer to <

f(y) dy
a
astheintegral of f over the interval [a,x], a and x asthe lower and upper
limits of integration respectively, f (y) astheintegrand and y the integration
variable. This notation wasintroduced on October 29 1675by Leibniz, who
thought of the integral sign  as represeiing »summationZ and dy asthe
eincrementZ in the variable y. The notation of Leibniz is part of the big
successof Calculus in science and education, and (like a good cover of
arecord) it givesa direct visual expresson of the mathematical content of
the integal in very suggestive form that indicates both the construction of
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the integal and how to operate with integrals. Leibniz choice of notation
plays an important role in making Calculus into a » machineZwhich «works
by itselfZ.

We recaitulate: There are two basic problems in Calculus. The “rst
problem is to determine the derivative u (x) of a given function u(x). We
have met this problem above and we know a set of rulesthat we can useto
atta ck this problem. The other problemisto “nd a function u(x) givenits
derivative u (x). In the “rst problem we assume knowledge of u(x) and we
want to “nd u (x). In the secand problem we assumeknowledge of u (x)
and we want to “nd u(x).

As an interesting aside,the proof of the Fundamental Theorem also shows
that the integral of a function over an interval may be interpreted as the
areaunderneah the graph of the function overthe interval. This couplesthe
problem of “nding a primitiv e function, or computing an integal, to that
of computing an area, that is to quadrature. We expand on this geometric
interpretation below.

Note that in (27.2), we require the dier ential equation u (x) = f(x)
to be satis” ed for x in the half-open interval (a, b] excluding the left end-
point x = a, wherethe di erertial equationis replacedby the speci“cation
u(a) = uy. The proper motivation for this will becomeclear as we develop
the proof of the Fundamental Theorem. Of course,the derivative u (b) at
the right end-point x = b, istakento be the left-hand derivativ e of u. By
continuity, we will in fact havealsou (a) = f (a), with u (a) the right-hand
derivativ e.

27.2 Primitiv e Function of f (x) = x™
form=0,12,...

For some special functions f (x), we can immediately “nd primitiv e func-
tions u(x) satisfying u (x) = f(x) for x in some interval. For exanple, if
f(x) = 1, then u(x) = x + ¢, with c a constant, for x  R. Further, if
f(x) = x, then u(x) = x?2/2+ cfor x R. More generally, if f (x) = x™,
where m = 0,1,2,3,.. B8l then u(x) = x™*1/(m + 1) + c. Using the
notation (27.3) for x R we write
X X X2
1dy = x, ydy = —, (274)
0 0 2
and more gererally for m=0,1,2,...,
X >(m+1
m —
Y dy= ——7 (275)

becauseboth right and left hand sides vanish for x = 0.

™| have changed 2 dots to 3 dots.

Ed itores or typesetterr s annotati ons (will be rem oved before the final TEX run)




432 27. The Integral

27.3 Primitiv e Function of f (x) = x™
form=S2,S3,...

We recdl that if v(x) = x5", where n = 1,2,3,... I8l then v (x) =
SnxS(*) where now x = 0. Thus a primitiv e function of f (x) = x™
form= $2,53,.. lllis given by u(x) = x™*1/(m+1) for x> 0. We can
state this fact as follows: For m = S2,S3, ...,

X m Xm+1 . 1
dy = S f > 1, 276
Y WE g S orx (27.6)

where we start the integation arbitrarily at x = 1. The starting point
really doesnot matter as long as we avoid 0. We have to avoid 0 becawse
the function x™ with m = S2,S3,..., tendsto in“nit y as x tends to zero.
To compensatefor starting at x = 1, we subtract the corresponding value
of xX™*1/(m+1) at x = 1fromtheright hand side. We can write analogous
formulasfor 0<x < 1 and x< 0.

Summing up, we seethat the polynomials x™ with m=0,1,2,..., have
the primitiv e functions x™*1 /(m + 1), which again are polynomials. Fur-
ther, the rational functions x™ for m = S2,S3,..., have the primitive
functions x™*1 / (m + 1), which again are rational functions.

27.4 Primitiv e Function of f (x) = x" forr = S1

Given our successso far, it would be easy to get overcon“dent. But we
encaunter a serous dicult y even with theseealy examples. Extending
the previous argumerts to rational powers of x, since Dx$ = sx3°1! for
s=0 and x> 0, we haveforr = sS 1= S1,

X Xr+1

< 1
r = —_—
1ydy_r+1sr+1 for x> 1. (27.7)

Thisformula breaksdown for r = S1 and therefore we do not know a prim-
itiv e function of f (x) = x" with r = S1 and moreover we donet even know
that one exists. In fact, it turns out that most of the time we cannot solve
the di erertial equation (27.2) in the sense of writing out u(x) in terms of
known functions. Being able to integate simple rational functions is spe-
cial. The Fundamental Theorem of Calculus will give us a way past this
di cult y by providing the means to approximate the unknown sdution to
any desiredaccuracy
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27.5 A Quick Overview of the Progres So Far

Any function obtained by linear combinations, products, quotients and
compositions of functions of the form x" with rational power r = 0 and
x> 0,canbedi erertiated analytically. If u(x) is such a function, we thus
obtain an analytical formula for u (x). If we now choosef (x) = u (x), then
of course u(x) satis“es the di er ential equation u (x) = f (x), so that we
can write recdling Leibniz notation:

u(x) = xf(y)dy+ u@) forx 0,
0

which apparently statesthat the function u(x) is a primitiv e function of
its derivative f (x) = u (x) (assuming that u(x) isde“ned for all x 0 =
that no denaminator vanishesfor x  0).

We give an exanple: Since D (1+ x3)5 = (1+ x3)55x2 for x R, we an

write
X

y2
0o (1+y3)$

In other words, we know primitiv e functions u(x) satisfying the dier -
ertial equation u (x) = f (x) for x I, for any function f (x), which itself
is a derivative of some function v(x) so that f (x) = v (x) for x I. The
relation betweenu(x) and v(x) isthen

1+ x3)7 = dy+1 forx R.

ux)=v(x)+ ¢ forx I,

for some constant c.

On the other hand, if f (x) isan arbitrary function of another from, then
we may not be able to produce an analytical formula for the corresponding
primitiv e function u(x) very easily or not at all. The Fundamertal The-
orem now tells us how to compute a primitiv e function of an arbitr ary
Lipschitz continuous function f (x). We shall see that in particular, the
function f (x) = x> has a primitiv e function for x > 0 which isthe famous
logarithm function log(x). The Fundamental Theorem therefore gives in
particular a constructive procedure for computing log(x) for x > 0.

27.6 A *Very Quick ProofZ
of the Fundamertal Theorem

We shdl now erter into the proof of the Fundamental Theorem. It is a good
ideaat this point toreviewthe Chapter A very short course in Calculus. We
shall give a seqence of successiely more complete versions of the proof of
the Fundamental Theorem with increasing precisian and generality in each
step.
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The problem we are setting out to solve has the following form: given
a function f (x), “nd a function u(x) such that u(x) = f(x) for all x
in an interval. In this problem, we start with f (x) and seeka function
u(x) such that u(x) = f(x). However in the early *quickZ versions of
the proofs, it will appear that we have turned the problem around by
starting with a given function u(x), dier entiating u to get f (x) = u (x),
and then recovering u(x) as a primitiv e function of f (x) = u (x). This
natur ally appears to be quite meaninglesscircular reasoning, and same
Calculus books completely fall into this trap. But we are doing this to
make same points clear. In the “nal proof, we will in fact start with f (x)
and construct a function u(x) that satis‘esu (x) = f (x) as desired!

Let now u(x) be di erertiable on [a,b], let x [a,b], and let a = yy <
y1 < ... < Ym = X be a subdivision of [a,x] into subintervals [a,Y1),
[V1.¥2),...,[Yyms1,X). By repeatedly subtracting and adding u(y; ), we ob-
tain the following identit y which we referto as a telesomping sum with the
terms cancelling two by two:

u(x) S u(@) = u(ym) S u(yo)
= U(Ym) S U(Yms1) + U(Yms1) S U(Yms2) + U(Yms2)
S+ u(y2) S u(ya) + u(y1) S u(yo). (278)

We can write this identity in the form

™ u(y) S u(yisa)

uWSu@= ISR m Sy, (@79)
or as "
ux)Su@= f(yis)yi Syisa), (27.10)
i=1
if we set .
Flyigy = SO SUGISY oo g (27.11)

Yi SvVis1
Recdling the interpretation of the derivative as the ratio of the change

in a function to a change in its input, we obtain our “r st version of the
Fundamental Theorem as the following analog of (27.10) and (27.11):

u(x) S u(a) = Xf(y) dy where f(y)=u(y) fora<y < x.

a

In the integral notation, the sum corresponds to the integral sign
the incremertsy; S y;s1 correspond to dy, the yjs; to the integation vari-
abley, and the di erencequotient wy)g% corresponds to the deriva-
tive u (Yis1)-
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This is the way that Leibniz was “r st led to the Fundamental Theorem
at the ageof 20 (without having studied any Calculus at all) as presened
in his Art of Combinations from 1666.

Notethat (27.8) expressesheideathat «t he whole is equal to the sum of
the partsZwith «the wholeZbeingeaual to u(x)Su(a) and the « partsZbeing
the di erences(U(ym) S U(yms1)), (U(Yms1) S U(Yms2)),---,(u(y2) S u(y1))
and (u(y1) S u(yp)). Compare to the discusson in Chapter A very short
Calculus courseincluding Leibnize teen-age dream.

27.7 A *Quick ProofZ
of the Fundamertal Theorem

We now present a more precise version of the above «proofZ To exercise
"exibilit y in the notation, which is a useful ability, we change notation
slightly. Let u(x) be uniformly di er entiable on [a,b], let x [a,b], and let
a=Xp<Xi1<...< Xy = X bea partition of [a, x]. We thus change from
y to x and from x to X. With this notation x seresthe role of a variable
and X is a particular value of x. We recdl the idertity (27.9) in its new

dress:
m

u(x) S u(a) =
i=1

u(xi) Su(xis1) . « o .
T S, i SXisy): (2712)

By the uniform di er entiability of u:
u(xi) S u(xis1) = U (xis1)(Xi S xis1) + Eu(Xi, Xis1),
where
[Eu(xi,xis1)|  Ku(xi S xis1)?, (27.13)
with K, a constant, we can write the idertity as follows:

m m
u(x) S u(a) = u(xis1)(xi S xig1) + Eu(Xi,Xig1). (2714)
i=1 i=1
Setting h equd to the largestincrement x; S x;51, so that x; S xjs1 h
for all i, we “nd

m m
[Eu(Xi,Xis1)] Ku(xi S xis1)h = Ky(X S a)h.
i=1 i=1

The formula (27.14) can thus be written

u(x) S u(a) = u(Xis1)(Xi S Xis1) + En, (27.15)
=1
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where
|[En] Ku(xS a)h. (27.16)
The Fundamental Theorem is the following analog of this formula:
X
u(x) S u(a) = u (x) dx, (2717)
a
with the sum corresponding to the integal sign , the incremerts
xi S xj51 corresponding to dx, and x; corresponding to the integration
variable x. We seeby (27.16) that the additional term Ey, in (27.15) tends
to zero as the maximal increment h tends to zero. We thus expect (27.17)
to be a limit form of (27.15) as h tends to zero.

27.8 A Proof of the Fundamertal Theorem
of Calculus

We now give a full proof of the Fundamental theorem. We assume for
simplicity that [a, b] = [0, 1] and the initia | value u(0) = 0. We comment on
the general problem at the end of the proof. Sothe problem we consider is:
Given a Lipschitz continuous function f : [0,1] R, “nd a solution u(x)
of the initial value problem,

u(x)=f(x) forO<x 1,
u(0) = 0.
We shdl now construct an approximation to the sdution u(x) and give

a meaning to the solution formula
X

u(x) = f(x)dx for0 x 1
0

(27.18)

To this end, let n be anatural numberand let0= xg<x1< ...< xy =1
be the subdivision of the interval [0, 1] with nodes x!' = ih,,i=0,...,N,
where h, =2°" and N =2". We thus divide the given interval [0, 1] into
subintervals 1" = (xs,,x"] of equal lengths h, = 25", seeFig. 27 3.

n
X0 X1 X2 Xi's1 X XN

Fig. 27.3. Subintervals I of lengths h, = 25"

The approximation to u(x) is a cortinuous piecewiselinear function
U"(x) de“ned by the formula

i
U™ (x") = f (X{s1)hn forj =1,...,N, (27.19)
i=1
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where U"(0) = 0. This formula gives the values of U"(x) at the nodes
x = X" and we extend U"(x) linearly betweenthe nodesto get the rest of
the values, seeFig. 27 4.

u"(x)

n n n
Xig1 X XN

Fig. 27.4. Piecewiselinear function U" (x)

We see that U"(x]') is a sum of contributions f (x{s;)hn for all inter-
vals I" with i j. By construction,

U(x") = U"(x{'s1) + f (X(s1)hn fori=1,...,N, (27.20)

sogiven the function f (x), we can compute the function U"(x) by using the
formula (27.20) successiely with i = 1,2,...,N, where we “r st compute
U™ (x7]) using the value U" (xg) = U"(0) = 0, then U"(x5) using the value
U"(x]) and soon. We may alternatively usethe resuting formula (27.19)
involving summation, which of coursejust amounts to computing the sum
by successigy adding the terms of the sum.

The function U"(x) de“ned by (27.19) is thus a continuous piecewise
linear function, which is computable from the nodal values f (x'), and we
shall nhow motivate why U"(x) should have a good chance of being an
approximation of a function u(x) satisfying (27.18). If u(x) is uniformly
di er entiable on [0, 1], then

u(x") = u(xjs;) + u (Xs,)hn + Eu(x{,x(s,) fori=1,...,N, (27.21)
where |[E, (xP', xls ;)| Ku(X!" S xfs,)? = Kyh2, and consequettly

i
u(x') = u(xs)hp + En forj=1,...,N, (27.22)
i=1

where|En| Kyhy, since Ji=1 h, = jhy 1. Assumingthat u (x) = f (x)
for 0O<x 1, the connection between(27.20) and (27.21) and (27.19) and
(27.22) becorres clear considering that the terms E, (x{', x{s;) and E, are
small. Wethus expect U" (x') to be an approximation of u(x}') at the nodes
xj', and therefore U" (x) should be an increasingly accurate approximation
of u(x) asn increasesand h, = 25" decreases.

To make this approximation idea precise,we “rst study the convergence
of the functions U"(x) as n tends to in“nit y. To do this, we “x x [0, 1]
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y=f(X)

/Iéreaﬁ (X[s1) S (X511 hn+1

n, n

Xis1 X x
Il Il Il
T T T

x2i 2n+1 x5y x5t

Fig. 27.5. The dieren ce betweenU"*! (x) and U™ (x)

TS

and consider the seqience of numbers{U"(x)},-; . We want to prove that
this is a Cauchy sequenceand thus we want to egimate |U"(X) S U™ (X)|
for m> n.

We begin by estimating the di er ence |U™(x) S U"* (x)| for two consec-
utive indicesn and m = n + 1. Recdl that we usedthis approach in the
proof of the Contraction Mapping theorem. We have

UM (x") = UM (X{s1) + f (X{s1)hn,

and sincext = xP and x3%, = x%,,
n+l rony — N+l n+ly — [ yn+l ,n+1 n+l
UM () = UM (X577 ) = UM (Xgigq) + F(X5751)

UM (x5 1) + F (X582 hne + f (X5 ) Mnaa -
Subtracting and setting €' = U"(x") S U"*1 (xI'), we have
&' = elsy +(F (s ) ST (x5E,)hns S (x51)hnsa),
that is, since hp+1 = Zhy,
e S elsy = (f(x51) S (x581)hne - (27.23)
Assuming that X = x{' and using (27.23) and the facts that €j =0 and
If (xs1) S (x581)l  Lihnsa, we get
]
U SUM )=l =1 (e S elsy)l
i=1
j 5 ] 5
le" S elsal= If(x(51) S (X381 Ihnws
i=1 i=1
j 1 j 1
thﬁ+1 = —L¢hy hn, = =L Xhp,
. 4 4 4
i=1 i=1
(2724)

TS

Pleaseched the x in Fig. 27.5 on the right side.
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where we dso used the fact that {:1 h, = X. Iterating this edimate and
using the formula for a geametric sum, we get

1 mS1 1 . )
[U"(x) S UM (X)| ZLfi he = 21Lf>?(23“+ Lo+25Mr
k=n
1, _ g 18285men g 1
- ZLf X2 Wél— ZLf X2 2— ELf)?hn,
that is L
[U"(x) S U™ (X)| éLf>?hn. (27.25)

This edimate shows that {U"(x)},-; is a Cauchy sequenceand thus
converges to a red number. We decide, following Leibniz, to denae this
real number by

X
f (x) dx,
0

which thus is the limit of
i
U"(x) = f (X5 1)hn
i=1

asn tends to in“nit y, where X = x{'. In other words,

X i
f(x)dx = lim f (X{s1)hn.
0 : i=1

Letting m tend to in“nit y in (27.25), we can expressthis relation in quan-
tita tiv e form as follows:
X . j 1
f(x)dx S f (X{%1)hn éLthn.
0 i=1

At this point, we havede“ned theintegral OX f (x) dx for a given Lipschitz
continuous function f (x) on [0, 1] and a given X [0, 1], as the limit of the
sequencg{U"(x)},-; asn tendsto in“nit y. We can thus de“ne a function
u:[0,1 R by theformula

u(x) = Xf(x)dx for x [0,1]. (27.26)
0

We now proceedto ched that the function u(x) de“ned in this way
indeed satis“es the di erertial equation u (x) = f (x). We proceedin two
steps.Fir st we show that the function u(x) is Lipschitz continuouson [0, 1]
and then we show that u (x) = f (x).
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Before plunging into these proofs, we need to addressa subtle point.
Looking badk at the construction of u(x), we seethat we have de“ned u(x)
for x of the form x = x/', wherej =0,1,...,2", n=1,2,...,. Theseare
the rational numbers with “nite decimd expansion in the base of 2, and
they are dense in the sens that for any real number x  [0,1] and any

> 0, thereis a point of the form x;' sothat |x S X} . Recdling the
Chapter Real numbers, we understand that if we can show that u(x) is
Lipschitz continuous on the denseset of numbers of the form xj', then we
can extend u(x) as a Lipschitz function to the set of real numbers [0, 1].

We thus assume that X = x' and y = xi with j > k, and we note that

j k i
un(x) S U"(y) = f (X{'s1)hn S f (Xs1)hn = f (X{'s1)hn
i=1 i=1 i=k+1

and using the triangle inequality

i i
Ut (x) S Uy If (x(s1)lhn M hn = M¢[X S ],
i=k+1 i=k+1

where M; is a positiv e constant such that |f (x)] My for all x [0, 1]
Letting n tend to in“nit y, we seethat

u(X) S u(y) = OX f(x)dx S Oy f(x)dx = _X f (x) dx, (2727)
y

where of course,
X ]
f(x)dx = lim f (x{%s1)hn,
y =k
and also
~ )? )? ~
[u(x) S u(y)| f (x) dx [f(X)[dx M¢|xSYy]|, (27.28)
y y
where the secand inequdity is the so-called triangle inequality for integrals

to be proved in the next section. We thus have

ux) Su@) M¢[xSyl, (27.29)

which proves the Lipschitz continuity of u(x).
We now provethat the function u(x) de“ned for x [0, 1] by the formula

X

ux)= f(y)dy,

a
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wheref :[0,1] R is Lipschitz continuous, satis“ esthe di er ertial equa-
tion
u(x)=f(x) forx [0,1]

that is

d X

— f(y)dy = f (x). (27.30)

dx
To this end, we choosex, x [0, 1]with x X and use(27.27) and (27.28)
to see that

X X

u(x) S u(x) = f(2)dzS ' f(ydy= _ f(y)dy,
0 0 X
and

X

u) SuE) STR)(xSX)= fy)dySTfE)(xSX)

X

X X
= (fmStx)pdy  [f(y)ST(X)|dy
X « o :I).( )
LelySXldy= SLt (xS X)?,
X
where we again usedthe triangle inequality for integrals. This provesthat
u is uniformly di er entiable on [0, 1], and that K, %Lf .
Finally to prove uniqueness, we recal from (27.15) and (27.16) that
a function u : [0, 1] R with Lipschitz continuous derivative u (x) and
u(0) = 0, can be represened as

m
u(x) = u (xis1)(xi S xig1) + En,
i=1
where
[En]  Ku(XS a)h.

Letting n tend to in“nit y, we “nd that
X

u(x) = u(x)dx forx [O,1], (27.31)
0

which expressesthe fact that a uniformly di er entiable function with Lip-

schitz continuous derivativ e is the integal of its derivative. Suppose how
that u(x) and v(x) are two uniformly di er entiable functions on [0, 1] sat-
isfying u (x) = f(x), and v(x) = f(x) for 0 < x 1, and u(0) = up,

v(0) = up, wheref :[0,1] R isLipschitz continuous.Then the di erence
w(x) = u(x) S v(x) isa uniformly di er entiable function on [0, 1] satisfying

w(x)= 0fora< x bandw(0)= 0. But we just showed that

X

w(x) = w (y) dy,

a
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and thusw(x) = Ofor x [0, 1]. This provesthat u(x) = v(x) for x [0,1]
and the uniquenessfollows.

Recdl that we proved the Fundamental Theorem for specid circum-
stances,namely on the interval [0, 1] with initia| value 0. We can directly
generalize the construction above by replacing [0, 1] by an arbitr ary bound-
ed interval [a, b, replacing h, by h, =2°"(bS a), and assuming instead
of u(0) = O that u(a) = u,, where u, is a givenreal number. We have now
proved the formidable Fundamental Theorem of Calculus.

Theorem 27.1 (Fundam ental Theorem of Calculus) If f :[a,b] R
is Lipschitz continuous, then there is a unique uniformly di erentiable func-
tion u:[a,b] R, which solvesthe initial value problem

uXx)=f(x) forx (ab,

Lo = U (27.32)

where u; R is given The function u:[a,b] R can be expressed as

u(X) = us + Xf(x)dx for X [a, b,

a

where _
X i
f(x)dx = lim f (X{s1)hn,
0 : i=1
withx = xi', x{' = a+ihy, hy = 251 (bS a). More precisely, if the Lipschitz
constant of f :[a,b] R isL¢,thenforn=1,2,...,

X i
f(x)dx S

a i=1

f (xis1)hn %(YS a)L hy. (2733)

Furthermoreif |f (x)] My for x  [a,b], then u(x) is Lipschitz continuous
with Lipschitz constant M; and K %Lf, where K is the constant of
uniform di erentiability of u:[a,b] R.

27.9 Commertson the Notation

We can change the namesof the variables and rewrite (27.26) as

X

u(x) = f (y) dy. (27.34)
0

We will often usethe Fundamental Theorem in the form

b
u (x) dx = u(b) S u(a), (27.35)

a
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which states that the integral ;f (x) dx is equd to the dier enceu(b) S
u(a), where u(x) is a primitiv e function of f (x). We will sometimesuse the
notation [u(x)1XZ9 = u(b) S u(a) or shorter [u(x)]2 = u(b) S u(a), and write

b + - + ,
u(x)dx = u(x) zzz = u(x) Z.
a

Sometimes the notation
f (x) dx,

without limits of integration, is usedto denae a primitiv e function of f (x).
With this notation we would have for example

X2 x3
dx = x + C, xdx=?+C, xzdx=?+c,

where C is a constant. We will not usethis notation in this book. Note that
the formula x = dx may be viewed to expressthat <t he whole is equal to
the sum of the partsZ

27.10 Alternative Computational Methods

Note that we might as well compute U™ (x{") from knowledge of U" (x[%,),
using the formula

U (x1) = UM (x%s 1)+ f (X, (2736)

obtained by replacing f (x5 4) by f (x]"), or
1
UT(x) = UM (xfsq) + S(F (x(g) + F (X)) hn (2737)

usingthe mean value %(f (x{%s 1)+ f (X{")). These alter nati ves may bring cer-
tain advantages, and we will return to them in Chapter Numerical quadra-
ture. The proof of the Fundamertal Theorem is basically the same with
thesevariants and by uniquenessall the alternativ e constructions give the
same result.

27.11 The Cyclistes Speedometer

An exanmple of a physical situation modeled by the initial value problem
(27.2) is a cyclist biking along a str aight line with u(x) representing the po-
sition at time x, u (x) beingthe speedat time x and specifying the position
u(a) = u, at the initial time x = a. Solving the di erertial equation (27.2)
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amounts to determining the position u(x) of the cyclist at timea<x b,

after specifying the position at the initial time x = a and knowing the

speedf (x) at each time x. A standard bicycle speedometermay be viewed

to sdve this problem, viewing the speedometeras a device which measures
the instantaneousspeedf (x), and then outputs the total traveled distance
u(x). Or is this a good example?lsnet it rather so that the speedometer
measuresthe traveled distance and then reports the momentary (average)

speed?To answer this question would seemto require a more precisestudy

of how a speecbmeter actually works, and we urge the reader to investigate
this problem.

27.12 Geometricallnterpretation of the Integral

In this section, we interpret the proof of the Fundamental Theorem as
saying that the integal of a function is the area undermeah the graph of
the function. More precigly, the solution u(x) given by (27.3) is equal to
the area under the graph of the function f (x) on the interval [a,X], see
Fig. 27.6. For the purpose of this discussin, it is natural to assume that
f(x) oO.

_—y=1()

x|

Fig. 27.6. Area under y = f (x)

Of course, we also have to explain what we mean by the area under
the graph of the function f (x) on the interval [a,x]. To do this, we “rst
interpret the approximation U"(x) of u(x) as an area. We recal from the
previous section that

j
UM(x') = f(xis1)hn,
i=1
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where x{' = x. Now, we can view f (X{s ;)hn asthe area of a rectangle with
baseh, and height f (x{s), seeFig. 27.7.

y=1fx)

areaf (x{s1) hn

n n
Xo X1 X3 Xig1 X Xj

Fig. 27.7. Areaf (x{s,) hn of rectangle

We can thus interpret the sum
j
f (x5 1)hn
i=1
as the area of a collection of rectangles which form a staircase approxi-

mation of f (x), as displayed in Fig. 27.8. The sum is also referred to as
a Riemann sum.

T Y= ()

area ',zlf (x{s1) hn

i : i : : : X

n n n
Xo X1 X3 Xisg1 X X]

Fig. 27.8. Area %:1 f (x{'s 1) hn under a staircase approximation of f (x)

Intuitiv ely, the area under the staircase approximation of f (x) on [a, X],
which isU" (x), will approach theareaunder the graph of f (x) on [a,x] asn
tendsto in“nit y and h, = 2°"(bS a) tendsto zero. Sincelim, un(x) =
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u(x), this leads us to de‘ne the area under f (x) on the interval [0, x] as
the limit u(x).
Note the logic used here: The value U"(X) represerts the area under
a staircase approximation of f (x) on [a,x]. We know that U"(X) tends
to u(x) as n tends to in“nit y, and on intuitiv e grounds we feel that the
limit of the area under the staircase should be equal to the area under the
graph of f (x) on [a,X]. We then simply de“ne the area under f (x) on [a, X]
to be u(x). By de“nitio n we thus interpret the integral of f (x) on [0, X]
as the area under the graph of the function f (x) on [a,X]. Note that this
is an interpretation. It is not a good ideato say the integral is an area.
This is becausethe integral can represent many things, such as a distance,
aquantity of money, a weight, or something else.If weinterpret the integral
asan area,then we also interpret a distance, a quantity of money, a weight,
or same thing else, as an area We understand that we cannot take this
interpretation to be literally true, because a distance cannot be equal to
an area, but it can be interpreted as an area. We hope the reader gets the
(subtle) di erence.
As an example,we compute the area A under the graph of the function
f (x) = x? betweenx =0 and x = 1 as follows
1 3 ! x=1
A= xldx= = -1
0 3 x=0 3
Thisis an example of the magic of Calculus, behind its enormous success.
We were able to compute an area, which in principle is the sum of very
many very small pieces,without actually having to do the tedious and
laborious computation of the sum. We just found a primitiv e function u(x)
of x? and computed A = u(3) S u(0) without any eo rt at all. Of coursewe
understand the telescging sum behind this illusion, but if you donst see
this, you must be impressedright? To get a perspective and closea circle,
we recall the material in Leibnize teen-agedream in Chapter A very short
coursein Calculus.

27.13 The Integralas a Limit of Riemann Sums

The Fundamental Theorem of Calculus statesthat the integral of f (x) over
the interval [a,b] is equal to a limit of Riemann sums:
b 2"
f(x)dx = lim f (x{'s1)hn,
a " i=1
wherex' = a+ ihy, h, = 257(bS a), or more precisely, forn=1,2, ...,
b 2" 1 '
FOdS  f(xfshy  5(bSa)Lihy, M

a i=1

In the hardcopy, this equation is labelled (27.38), pleasecheck it.

Ed itores or typesetterr s annotati ons (will be rem oved before the final TEX run)
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where L is the Lipschitz constant of f. We can thus de“ne the integal

;f (x) dx asa limit of Riemann sums without invoking the underlying dif-
ferential equation u (x) = f (x). This approach isusefulin de“ning integrals
of functions of several variables (so-called multiple integals like double in-
tegrals and triple integrals), becawse in these gereralizations there is no
underlying di er ential equation.

In our formulation of the Fundamental Theorem of Calculus, we em-
phasizedthe coupling of the integral :f(y) dy to the related di er ential
equation u (x) = f (x), but as we just sad, we could put this coupling in
the back-ground, and de“ne the integal as a limit of Riemann sums with-
out invoking the underlying di er ential equation. This connects with the
idea that the integal of a function can be interpreted as the area under
the graph of the function, and will “nd a natural extension to multiple
integrals in Chapters Double integrals and Multiple integrals.

De“ning the integal as a limit of Riemann sums poses a question of
unigueness:since there are di er ent ways of constructing Riemann sums
one may ask if all limits will be the same. We will return to this question in
Chapter Numerical quadrature and (of course)give an a rmative answer.

27.14 An Analog Integrator

James Thompson, brother of Lord Kelvin, constructed in 1876 an ana-
log medhanical integrator basedon a rotating disc coupled to a cylinder
through another orthogoral disc adjustable along the radius of the “rst
disc, seeFig. 27.9 8 The ideawas to get around the di culties of rediz-
ing the Analytical Engine, the mechanical digital computer envisioned by
Babbagein the 1830s.Lord Kelvin tried to use a system of such analogin-
tegratorsto compute di erert problems of practical interest including that
of tide prediction, but met serious problems to reach su cien t accuracy.
Similar ideas ideas were taken up by Vannevar Bush at MIT Massahus-
setts Institute of Technology in the 1930s,who constructed a Di e rential
Analyzer consisting of a collection of analog integators, which was pro-
grammable to solve di er ential equations, and was usedduring the Secad
World War for computing trajectories of projectiles. A decadelater the dig-
ital computer took over the scene,and the battle betweenarithmetic and
geonetry initiated betweenthe Pythagoreanand Euclidean schools more
than 2000years ago, had “ nally come an end.

M in the hardcopy, is here a refererce of Fig. 27.10, pleaseched it.

Ed itores or typesetterr s annotati ons (will be rem oved before the final TEX run)
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Fig. 27.9. The principle of an Analog Integrator

Chapter 27 Problems

27.1. Determine primitive functions on R to (a) (1+ x?)$22x, (b) (1+ x)5%,
© (1+ (1+ x3)?)522(1+ x3)3x2.

27.2. Compute the area under the graph of the function (1+ x)‘é'2 betweenx =1
and x = 2.

27.3. A car travels along the x-axis with speedv(t) = t3 starting at x =0 for
t = 0. Compute the position of the car for t = 10.

27.4. Carry out the proof of the Fundamental Theorem for the variati ons (27.36)
and (27.37).

27.5. Construct a mechanical integrator solving the di erential equation u (x) =
f (x) for x> 0, u(0) = 0 through an analog mechanical devise.Hint: Get hold of
a rotating cone and a string.

27.6. Explain the principle behind Thompsones analog integrator.

27.7. Construct a mechanical speecometer reportin g the speed and traveled
distance. Hint: Check the construction of the speedometer of your bike.

27.8. Find the solutions of the initial value problem u (x) = f(x) for x > 0,
u(0) = 1, in the following cases: (a) f (x) =0, (b) f(x)=1, (c) f(x)= x", r> 0.

27.9. Find the solution to the second order initial value problem u (x) = f (x)
for x > 0, u(0) = u (0) = 1, in the following cases: (a) f (x) = 0, (b) f(x) = 1,
(c) f(x)= x", r > 0. Explain why two initial conditions are speci“ed.
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27.10. Sdve initial value problem u (x) = f(x) for x (0, 2], u(0) = 1, where
f(x)= 1for x [0,1) and f(x)= 2for x [1,2]. Draw a graph of the solution
and calculate u(3/2). Show that f (x) is not Lipschitz continuous on [0, 2] and
determine if u(x) is Lipschitz continuous on [0, 2].

27.11. Thetimeit takesfor alight beam to travel through an objectist = %

where cis the speedof light in vacuum, n isthe refractive index of the object and
d is its thickness. How long does it take for a light beam to travel the shortest
way through the center of a glass of water, if the refractive index of the water
varies as a certain function ny (r) with the distance r from the center of glass,
the radius of the glassis R and the thickness and that the walls have constant
thi ckness h and constant refractive index equal to ng.

27.12. Assume that f and g are Lipschitz continuous on [0, 1]. Show that
01 [f(x) S g(x)|dx = 0 if and only if f = g on [0,1]. Does this dso hold if
1 & . 1 & 5
o [F(X) S g(x)|dx is replaced by , (f (x) S g(x))dx"

Fig. 27.10. David Hilbert (1862...19433t the age of 24: <A mathematical theory
is not to be considered complete until you have made it so clear that you can
explain it to the “rst man whom you meet on the streetZ



