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Auch die Chemiker mussensich allmahlich an den Gedanken gewoh-
nen, dass ihnen die theoreti sche Chemie ohne die Beherrschung der
Elemente der hbheren Analysis ein Buch mit sieben Siegeln blieben
wird. Ein Di erential- oder Integralzeichen muss aufhoren, fur den
Chemiker eine unverstandliche Hieroglyphe zu sein, ... wenn er sich
nicht der Gefahr ausseten will, fur die Entwicklung der theoreti-
schen Chemie jedes Verstandnis zu verlieren. (H. Jahn, Grundriss
der Elektrochemie, 1895)

54.1 Introduction

We now turn to the extensian of the basic concepts of real-valued functions
of one red variable, such as Lipschitz continuity and di er entiability, to
vector-valued functions of several variables.We have carelully preparedthe
material so that this extension will be as natural and smooth as possible.
We shall seethat the proofs of the basic theorems like the Chain rule, the
Mean Value theaem, Taylores theaem, the Contraction Mapping theorem
and the Inverse Function theorem, extend almost word by word to the more
complicated situation of vector valued functions of several real variables.
We consider functionsf : R"  R™ that are vector valued in the sense

that the valuef (x) = (f1(x),...,fm(x)) isavector in R™ with componerts
fi : R" R fori =1,...,m, where with fij(x) = fij(x1,...,Xn) and
X =(X1,...,Xn) R". As usual, we view X = (Xg,...,Xpn) @s a n-column

vector and f (x) = (f1(x),...,fm(X)) asa m-column vector.
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As particular examples of vector-valued functions, we “r st consider
curves, which are functions g : R R", and surfaces which are func-
tonsg: R?> R". We then discusscomposite functionsf g:R R™,
where g : R R" isacurveand f : R" R™, with f g again being
acurve. Werecallthat f g(t) = f (g(t)).

The inputs to the functions residein the n dimensional vector space R"
and it is worthwhile to consider the properties of R". Of particular im-
portanceis the notion of Cauchy sequenceand convergencefor sequences
{xW},, of vectors x1) = (x$7,...,x9) R with coordinates x{?,
k=1,...,n. We say that the sequence{x")},_, is a Cauchy sejuence if
for all > O, thereis a natural number N sothat

x(M & x0) fori,j > N.
Here - dendesthe Euclidean norm in R", that is, x =( [, x?)¥2.
Sametimes, it is conveniert to work with the norms x | = i“:l [xi| or

X = maXyz,.n IXi|. We say that the sequence{x")},_; of vectors
in R" convergesto x R" if for all > 0, thereis a natural number N so
that

x 8§ x fori> N.

It is easyto show that a convergent sequences a Cauchy sequencend con-
versely that a Cauchy sequenceconverges. We obtain theseresultsapplying
the corresponding results for sequencesn R to eadt of the coordinates of
the vectorsin R".

Example 54.1. The sequence{x(},_, in RZ, x = (1552 exp(Si)),
convergesto (1, 0).

54.2 Curvesin R"

A function g : | R", where | =[a,b] is an interval of real numbers, is
acurve in R", seeFig. 54.1. If we uset asthe independent variable ranging
over |, then we say that the curve g(t) is parametrized by the variable t.
We alsorefer to the set of points = {g(t) R":t |} asthe curve
parameterized by the function g: | R".

Example 54.2. The simplest example of a curve is a straight line. The
functiong: R  R? given by

g(t) = x + tz,

wherez R?and X R?, isastraight line in R? thr ough the point X with
direction z, seeFig. 54 2.
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Fig. 54.1. Thecurveg:[0,4] R3withg(t)= tY2cos(t), t¥2sin(t),t

x2 =1+ x3/

X2
[
X2

F I R T I T
X1 X1

Fig. 54.2. On the left: thecurveg(t) = x+ta. Ontheright: acurveg(t) = (t, f (t))

Example 54.3. Let f : [a,b] R be given, and de“ne g : [a,b] R?
by g(t) = (gu(t), g2(t)) = (t, f (t)). This curve is simply the graph of the
function f :[a,b] R, seeFig.54.2.

54.3 Di erert Parameterizationsof a Curve

It is possibleto usedi er ent parametrizations for the set of points forming
aairve If h:[c,d] [a,b] isaoneto-one mapping, then the composite
functionf = g h:[c,d R?is areparameterization of the curve {g(t) :
t [ab} givenby g:[a,b] R2.

Example 54.4. The functionf :[0, ) RS given by
f()=( cog ?), sin( ?), ?),

is a reparameterizationof thecurve g: [0, ) RS given by
gty=( tcogt), tsin(t),t),

obtained setting t = h( )= 2. We havef = g h.
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54.4 Surfacesn R",n 3

A function g: Q R", wheren 3 and Q is a subdomain of R?, may
be viewed to be a surface S in R", seeFig. 54.3. We write g = g(y) with
y =(y1,¥2) Q and say that S is parameterizedby y Q. We may also
identify the surface S with the set of points S= {g(y) R":y Q}, and
reparameterizeS by f = g h:Q R"if h:Q Q is a one-to-one
mapping of a domain Q in R? onto Q.

Example 54.5. The smplest example of a surfaceg: R> R3 is a plane
in R3 given by

oY) = oy1,y2) = X+ yibi + yobp, vy R,
where X, by, b, R3.

Example 54.6. Let f :[0,1]% [0,1] R be given, and de“ne g : [0, 1] x
[0,1] RS2 by g(y1,Y2) = (y1, Y2, (y1,Y2)). This is a surface, which is the
graph of f :[0,1]x [0,1] R. We also refer to this surfacebriey asthe
surface given by the function x3 = f (x1,X2) with (x1,x2) [0,1]% [0, 1].

; 7 ‘3""0”"0‘". i
ONERXRS R
Y ARSI
OOOKIIK NS |
s

e
NGRS e o
SO

Sy

(OOAENESS
00000,0,0,0,0.:.;.::

.‘.‘. . i_‘,.::“:::

Fig. 54.3. The surface s(yi,y2) = yi,Y2,¥18in (y1 + y2)/ 2 with
S1 y1,Y2 1, or brie'y the surface x3 = xisin (X1 + X2)/ 2 with
Sl X1, X2 1

54.5 Lipschitz Continuity

We say that f : R"  R™ is Lipschitz continuous on R" if there is a con-
stant L suc that

f(x)Sf(yy L xSy foralxy R". (541)
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This de“nitio n extends easily to functions f : A R™ with the domain
D(f) = A being a subsetof R". For example, A may be the unit n-cube
[0,1"={x R":0 x 1,i=1,...,n} or the unit n-disc{x R":
X 1}.

To ched if a function f : A R™ is Lipschitz continuous on some
subsetA of R", it su ces to ched that thecomponert functionsf; : A R
are Lipschitz continuous. This is because

[fi(x)Sfi(y)] Li xSy fori=1,...,m,
implies
m m

F)SEy) 2= IFi)SHmP L? xSy 2,
i=1 i=1

which showsthat f(x)Sf(y) L xSy with L=( L?:z.

Example 54.7. The function f :[0,1]x [0,1] R? de“ned by f (x1,X2) =
(X1 + X2,X1X2), is Lipschitz continuous with Lipschitz constant L = 2.
To show this, we note that f;(X1,X2) = X1 + Xz is Lipschitz continuous
on [0,1] x [0,1] with Lipschitz constant Ly = 2 because|f1(x1,X2) S
filyny2)l X2 Syil + [x2 S yo 2 xSy by Cauchyssinequdity.
Similarly, f2(X1,X2) = X1Xz is Lipschitz continuous on [0, 1] x [0, 1] with
Lipschitz constant L, = 2 dnce |X1X2 S yaya| = [X1X2 S yiXo + yiXx2 S
yiyal X1 Syil+ [x2 S yal 2xSy.

Example 54.8. The function f : R" R" de“ned by
f(xl!"'!xn): (Xnvxnglv"'vxl)v
is Lipschitz continuous with Lipschitz constant L = 1.

Example 54.9. A linear transfarmation f : R" R™ given by an m x n
matrix A = (a; ), with f(x) = Ax and x a n-column vector, is Lipsditz
continuous with Lipschitz constant L = A . We made this observation in
Chapter Analytic geometry in R". We repeat the argumert:

L:maxif(x)gf(y) :maxiAxgAy
x=y XSy X=y XSy
- m ax A(vay) - max AX - A
X=y XSy x=0 X

Conceming the de“nitio n of the matrix norm A , wenotethat thefunction
F(x) = Ax / x ishomogereous of degreezero, that is, F(x ) = F(x)
for all non-zero red numbers , and thus A is the maximum value of
F (x) on the closed and bounded set {x R": x =1}, which is a “nite
real number.
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X2

X1

Fig. 54.4. lllustration of the mapping f (x1,X2) = ( X2,X1), which is clearly
Lipschitz continuous with L = 1

We recdl that if A is a diagoral n x n matrix with diagoral elements ;,
then A =maxi| il

54.6 Di ereniabilit y: Jacobian, Gradient
and Tanger

Wesaythatf :R" R™isdi erentiableat x R" if thereisamx n mat-
rix M(x) = (mj (x)), called the Jacobian of the function f (x) at x, and
a constant K¢ (X) such that for all x closeto X,

f(x)=f(X)+ MX) (xS X)+ Ef (% X), (542)

where E; (x,X) = (E;(x,X)j) is an m-vector satisfying E; (X, X)

K¢ (X) x S X 2. We dso denote the Jacobian by Df (x) or f (X) so that
M (x) = Df (x) = f (x). Sincef (x) is a m-column vector, or m x 1 mat-
rix, and X is a n-column vector, or nx 1 matrix, M (X)(x S X) is the product
ofthemx n matrix M (X) and thenx 1 matrix xS X yielding amx 1 matrix
or a m-column vector.

We say that f : A R™, where A is a subset of R", isdi erentiable on
A if f(x) isdi erertiable at x for all x A.Wesythatf :A R™ s
uniformly di erentiable on A if the constant K; (x) = K¢ can be chosen
independently of X A.

We now show how to determine a speci“c elemert m; (x) of the Jacobian
usingtherelation (54.2). We considerthe coordinate function f;(Xq,...,Xn)
and setting x = X + sg, where g is the " standard basis vector and s
is a small real number, we focus on the variation of fi(x1,...,Xn) asthe
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Fig. 54.5. Carl Jacobi (1804...51)«It is often more convenient to possessthe
ashes of great men than to possesghe men themselesduring their lifetimeZ (on
thereturn of Descartessremains to France)

variable x; varies in a neighborhood of X; . The relation (54.2) statesthat
for small non-zero red numbers s,

fi(x+sg)=fi(X)+ my (X)s+ E¢ (X + sg,X)i, (543)
where xSXx 2= sg 2= s?implies
|Ef (X + sg,X)i| K (X)s?.
Note that by assumption Ef(x,X) K (X) xS X 2, and so eadh coor-
dinate function E¢ (X + sg,X); satis‘es |Es (x,X)i| K (X) xSX 2.

Now, dividing by s in (54.3) and letting s tend to zero, we “nd that

fi(X + s8) S 1i(%)

mjj (X) = SIim0 S (544)

which we can alsowrite as
mij (i) = (545)
Ilm fi(ilf"'l)?jéllxj l)?j"'l!"'!)?n)é fi(ilf"'f)?jélf)?j 1)?]'+1 .----)?n)

Xj  Xj Xj é )?j

We refer to mj; (x) as the partial derivative of f; with respectto x; at X,
and we use the alternativ e notation mj (X) = L—;(Y). To compute ;—;(Y)
we freezeall coordinates at X but the coordinate x; and then let x; vary
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in a neighborhood of X; . The formula

fi

Ty = 546
) (546)
||m fi(il!"w)?jglvxj1>?j+1!"'!)?n)§fi(yla---a)?jgla)?ja)?j+11---1>?n)
Xj )?] Xj S)?l '

statesthat we compute the partial derivative with respectto the variable x;
by keepingall the other variablesxy,...,Xjs1, Xj+1,...,Xn constant. T hus,
computing partial derivatives should be a pleasure using our previous ex-
pertise of computing derivativesof functions of one real variable!
We may expressthe computation alternativ ely as follows:
fi— — dg;
= m®= g0 = Gl

where g; (s) = fi(X + sg).

(0), (54.7)

Example 54.10. Let f : R3 R be given by f(x1,X2,X3) =
X1€*2 sin(x3). We compute

f—(Y)z e sin(Xs), f—(Y)z X1€°2 sin(X3),
X1 X2
f—(i) = X, €5 cosxs),
X3
and thus
f (X) = (€ sin(X3), X1€°2 sin(X3), X1€*? co{X3))

exp(xf + x3)

sin(xz +2x3) ' then

Example 54.11. If f : R® R?is given by f (x) =
2x1 exp(x? + x3)  2xp exp(x? + x3) 0

f(x)= 0 cos(X, + 2X3) 2 coy(X2 +2X3)

We have now shown how to compute the elemens of a Jacobian using
the usual rules for di erentiation with respect to one real variable. This
opens a whole new world of applications to explore. The setting is thus
adi erertiable function f : R" R™ satisfying for suitable x,x R":

fx)= fX)+f (X)(xSX) + Er(x X), (548)

with  Ef (X, X) Ki(X) xS X 2, wheref (X) = Df (X) is the Jacobian
m x n matrix with elemers ;_1

fa

X)) ),
X) 22X ... LX)

- X
(SIS

(
(

f(X)= Df(Y)=§xl

o®) fo® ... Lo
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Sametimeswe usethe following notation for the Jacobian f (x) of a func-
tony=f(x)withf :R" R™:

dyi,...,dym

F0g= dxq,...,dxn

(x) (54.9)
The function x ~ f(x) = f(X)+ f (X)(x S X) is called the linearization
of the function x  f (x) at x = Xx. We have

fx)=f X)x+f(X)SF (X)X = Ax + b,

with A = f (X)amxnmatrix andb= f (x)Sf (X)X am-column vector. We
say that f (x) isan an e transformation, which is a transformation of the
formx  Ax+ b, wherex is an-column vector, A isamx n matrix and bis
a m-column vector. The Jacobian f (x) of the linearization f (x) = Ax + b
is a constant matrix equal to the matrix A, becausethe partial derivatives
of Ax with respect to x are simply the elemerts of the matrix A.

Iff :R" R,thatism = 1, thenwealsodenaethe Jacobianf by f,
that is,

f
X n

f @)= ()= Xf—l(ﬂ ®

In words, f (X) isthen-row vector or 1x n matrix of partial derivativesof

f (x) with respectto xi, X2,...,Xn at X. Wereferto f (X) asthe gradient
off(x)at x. If f : R" R isdier entiable at x, we thus have
f(x)= f(X)+ fX)(xSX)+ Ef(x, X), (54.10)

with |Ef (x,X)] Ki(X) xSX 2, andf(x)= f(X)+ f(X)(xS X) isthe
linearization of f (x) at x = X. We may alternatively expressthe product
f (X)(x S X) of the n-row vector (1 x n matrix) f (X) with the n-column
vector (n x 1 matrix) (x S X) as the scdar product f (X) - (x S x) of the
n-vector f (X) with the n-vector (x S X). We thus often write (54.10) in

the form
f(x)= f(X)+ f(X)-(xSX)+ Ef(x X). (54.11)

Example 54.12. If f : R® Ris given by f (x) = x% + 2x3 + 3x3, then
f(x) = (2x1, 6x3,12x3).

Example 54.13. The equation x3 = f (x) withf : R2 R and x = (X1, X2)
represerts a surfacein R® (the graph of the function ). The linearization

xa=f@+ (@) xS
= £ (%) + Xf—l(ixxl 5+ Xf—z(ixe $ %)

with X = (X1, X2), represerts the tangert plane at x = X, seeFig. 54 6.
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X3 = f (Xl, X2)

xs= f(X)+ fR)(xSX)

e o X

e g

Fig. 54.6. The surface x3 = f (x1,X2) and its tangernt plane

Example 54.14. Consider now a curve f : R R™, that is, f(t) =

(F1(1), ..., fm () with t

R and we have a situation with n = 1. The

linearization t

f(t)y=f(t)+ f ()(tSt)att represers a straight line in

R™ thr ough the point f (t) and the Jacokian f (t)=(f4(t),...,

fm (1)) gives

the direction of the tangert to the curvef : R

R™ at f (t), seeFig. 54.7.

X2

Fig. 54.7. Thetangen s (t) to a curve given by s(t)

54.7 The Chain Rule

Letg: R" R™ and f : R™ RP and consider the composite function
f g:R" RPde‘nedbyf g(x)= f(g(x)). Under suitable assumptions
of di er entiability and Lipschitz continuity, we shdl prove a Chain rule
generalizing the Chain rule of Chapter Di e rentiation rules in the case
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n = m = p= 1. Using linearizations of f and g, we have
F(g()) = f(g(x)) + T (g((9(x) S g(x)) + E¢ (9(x), 9(X))
= £(9(x) + f (9(x))g (X)(x S X)+  (9(X))Eg(x, X) + Ef (9(x), 9(X)),
where we may naturally assume that
Er (9(x),9(x)  Kr g(x)Sg(x) > KiLixSx?,

and f (g(X))Eg(x, X) f (g(x)) Kg xS X 2, with suitable constants
of dier entiability K; and Ky and Lipschitz constant Ly. We have now
proved:

Theorem 54.1 (The Chain rule) If g: R" R™ is di erentiable at
X R"', andf : R™ RP is di erentiable at g(x) R™ and further
g:R" R™ is Lipschitz continuous, then the composite function f g
R" RPisdi erentiableat X R" with Jacobian

(t 9 (x)="1 (9(x)g X).

The Chain rule has a wealth of applications and we now tur n to harvest
a couple of the most basic examples.

54.8 The Mean Value Theorem

Let f : R" R be di er entiable on R" with a Lipschitz continuous gra-
dient, and for given x,x R" consider the function h : R R de“ned

by
h(t)= f(X+t(xSXx) =1 g(t),

with g(t) = X+ t(x S X) represerting the straight line through X and x. We
have

f(x)Sf(X) = h(1) 3 h©)= h (),

for somet [0, 1], where we applied the usuad Mean Value theorem to the
function h(t). By the Chain rule we have

h(®= f(g)-g®= f(g) (xSXx),
and we have now proved:

Theorem 54.2 (Mean Value theorem) Let f : R" R be di eren-
tiable on R" with a Lipschitz continuous gradient . Then for given x
and X in R", thereisy = x + t(x S X) witht [0, 1], such that

fF)ST)= f(y) (xSX).
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With the help of the Mean Value thearem we expressthe dier ence
f (x) S f (X) asthe scdar product of the gradient f (y) with the di er ence
x S X, wherey is a point samewhere on the straight line betweenx and X.

We may extend the Mean Value theaoeemto a function f : R" R™ to
take the form

FO)STX) =T (N(xSX),

where y is a point on the straight line between x and X, which may be
di erent for di erert rows of f (y). We may then estimate:

F)SE() = f()-(xSx)  f(y) xSX,

and we may thus edimate the Lipschitz constant of f by maxy, f (y) with
f (y) the (Euclidean) matrix norm of f (y).

Example 54.15. Let f : R" R be given by f (x) = sin( ?:1 Xj). We
have

f—_(i)=cos Xj fori=1,...,n,
X i (=1
and thus |Xf—i(Y)| lfori=1,...,n, and therefore
f(x) n.

We conclude that f (x) = sin( 1-”21 Xj) is Lipschitz continuous with Lips-
chitz constant n.

54.9 Direction of Steepest Descen
and the Gradient

Let f : R" R be a given function and suppose we want to study the
variation of f (x) in a neighborhood of a givenpoint X R". More precisely
let x vary on thelinethrough x in a givendirection z R", that isassunme
that x = X + tz where't is a real variable varying in a neighborhood of 0.
Assuning f to be di er entiable, the linearization formula (54.8) implies

f)= fR)+t f(X) -2+ Ef(x X), (54.12)

where |Ef (x,X)| t?K; z 2 and f(X) -z is the scalar product of the
gradient f(x) R" and thevectorz R".If f(X)-z = 0, thenthe
lineartermt f (X)-z will dominate the quadratic term Es (x, X) for small t.
Sothe linearization

f)=fE)+t F(X) -z
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will be a good approximation of f (x) for x = x + tz closeto x. Thus if

f (x) -z = 0, then we get good information on the variation of f (x) along
the line x = X + tz by studying the linear functiont fX)+ 1t f(X)-z
with slope f (X)-z. In particular, if f(x)-z> 0and x = x+ tz then f (x)
increasesas we increaset and decreasesiswe decrease. Similarly, if  f (x)-
z< 0 and x = x + tz then f (x) decreasess we increaset and increasesas
we decrease.

Alternatively, we may consider the compostte function F; : R R de-
“ned by F,(t) = f(g.(t)) with g, : R R" given by g,(t) = X + tz. Obvi-
ously, F;(t) describesthe variation of f (x) on the straight line through x
with direction z, with F;(0) = f (x). Of course,the derivative F,(0) gives
important information on this variation closeto x. By the Chain rule we
have

F,00= f(X)z= f(X)-z,

and we retrieve f (X) -z as a quantity of interest. In particular, the sign
of f(X) -z determinesif F,(t) isincreasingor decreasingat t = 0.

We may now ask how to choosethe direction z to get maximal increaseor
decreaseWe assume f (x) = Oto avoid thetrivial case with F,(0) = 0 for
all z. It isthennatural to normalizezso z = 1and westudy the quantity
F,(0)= f(x)-zaswevary z R" with z = 1. We conclude that the
scdar product f (X) -z is maximized if we choose z in the direction of the
gradient f (X),

_ X
which is called the direction of steepest ascent. For this gives
-ty ) _
max F,0) = f(x) TR f(x) .

Similarly, the scalar product is minimized if we choose z in the opposite
direction of the gradient f (X),

_s_ ()
RN
which is called the direction of steepest desaent, seeFig. 54.8. For then
. & — f(x) _ « _
er:nl F,0 =S f(X) fi(ﬂ_s f(x) .

If f(x)= 0, then X is sad to be a stationary point. If X is a stationary
point, then evidertly f (x) -z = 0 for any direction z and
f(x)=f(X)+ Ef(x, X).
The di erencef (x)Sf (x) isthenquadratically smdl in thedistance xSX ,
that is |f (x) Sf(X)] K; xS X 2, and f (x) isvery close to the constant
value f (x) for x closeto Xx.
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Fig. 54.8. Directions of steepest descent on a «hiking mapZ

54.10 A Minimum Point Is a Stationary Point

Suppose x  R" is a minimum point for the function f : R" R, that is
f(x) f(x) forx R". (54.13)
We shdl show that if f (x) is dier ertiable at a minimum point X, then
f(x)= 0. (54.14)

For if f(x) = 0O, then we could move in the direction of steepest descen
from X to a point x closeto X with f (x) < f (x), contradicting (54.13).
Consequetily, in order to “nd minimum points of a function f : R" R,
we areledto try to solve the equation g(x) = 0, whereg= f :R" R",
Here, we interpret f (x) as a n-column vector.

A whole world of applicationsin medanics, physicsand other areas may
be formulated assolving equationsof theform f (x) = O, that is as“nding
stationary points. We shall meet many applications below.

54.11 The Method of Steepest Descenh

Letf : R" R be given and consider the problem of “nding a minimum
point X. To do so it is natural to try a method of Stegpest Descent: Given
an approximation y of X with  f (y) =0, we move from y to a new point y
in the direction of steepest descem:

_vs _ O
YEYS )
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where > 0 is a step length to be chosen. We know that f (y) decreases
as increasesfrom 0 and the question is just to “nd a reasmable value
of . This can be done by increasing in smadl steps until f (y) doesnst
decreaseanymore. The procedure is then repeaed with y replacedby y.
Evidently, the method of Steepest Descen is closely connectedto Fixed
Point Iteration for solving the equation f (x) = 0in the form

x=xS f(x)

where we let > 0 include the normalizing factor 1/ f (y) .

17

Fig. 54.9. The method of Steepest Descert for f(x1,Xx2) = Xisin(xi + Xz)
+Xx2c092x1 S 3x») starting at (.5,.5) with = .3

54.12 Directional Derivatives
Consider a function f : R" R, let g;(t) = x+ tz with z R" a given
vector normalizedto z = 1, and considerthe composite function F,(t) =
f (X + tz). The Chain rule implies
F.(00= f(x)-z,
and
f(x)-z

is caled the derivative of f (x) in the direction z at X, seeFig. 54.10.
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Fig. 54.10. lllustration of directional derivative

54.13 Higher Order Partial Derivatives

Letf : R" R be di er entiable on R". Each partial derivative —(x) is
a function of X R" may be itself be di erertiable. We denotelts partlal
derivativ es by

f _ _
- (X)= X), i,j=1,...,n,Xx R",
x,x.() ,xi() j

which are called the partial derivatives of f of second order at X. It turnsout
that under appropriate contin uity assumptions, the order of di er entiation
doesnot matter. In other words, we shall prove that

2f 2

®= — .

Xj X Xi X

We carry out the proof in the casen =2 withi =1 andj =2. Werewrite
the expression

A=f (X]_, X2) é f (il, X2) é f (X]_, )72) + f (il, )?2), (5415)

as
A=f (X]_, X2) é f (X]_, )72) é f (il, X2) + f (il, )?2), (5416)

by shifting the order of the two mid terms. First, we set F(x1,X2) =
f (x1,X2) S f (X1,%2) and use (54.15) to write

A= F(X]_,Xz) é F(Xl,ig).
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The Mean Value theorem implies
F < — f - f _ . —
A= — (X1, Y2)(X2 S X2) = ——(X1,¥2) S —(X1,¥2) (X2 S X2)
X 2 X2 X2
for somey, [X2,X2]. We use the Mean value theorem once again to get
2f

A= (Y1, ¥2)(X1 S X1)(X2 S X2),
X1X2

with y;  [X1,x1]. We next rewrite A using (54.16) in the form
A= G(X]_,Xz) é G(il,Xz),

where G(x1,X2) = f (X1,X2) S f (X1, X2). Using the Mean Value thearem
twice as above, we obtain

2f - — - —
A= (Z1,22)(X1 S X1)(X2 S X2),
X2 X1
where zi  [Xj, %], i = 1,2. Assuming the secand partial derivatives are
Lipschitz continuous at x and letting x; tend to X; for i =1, 2 gives
2 _ % _
X) = X).
X1X2( ) szl( )

We have proved the following fundamental result:

Theorem 54.3 If the partial derivatives of second order of a function f :
R" R are all Lipschitz continuous, then the order of application of the
derivatives of second order is irrelevart.

The result directly generalizesto higher order partial derivatives: if the
derivatives are Lipschitz continuous, then the order of application doesnst
matter. What a relief!

54.14 Taylores Theorem

Supposef : R" R hasLipsahitz continuous partial derivativesof order 2.
For given x,X R", consider the function h: R R de“ned by

h(t)= f(X+t(xSXx) =1 g(t),

where g(t) = X + t(x S X) is the straight line through X and x. Clearly
h(1) = f (x) and h(0) = f (x), sothe Taylorestheaem applied to h(t) gives

h(1) = h(0) + h (0) + %h ),
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for somet [0, 1]. We compute using the Chain rule:

n

NO= @) KSD=  S—(eO)x ST

i=1
and similarly by a further di er ertiation with respect to t:

n n 2
h (t) = f

i=1 j=1

XX (g)(xi S Xi)(x; S X;).

We thus obtain

n 2f

Fe =100+ f(i)-(xéiﬁ%
i,j=1

XX (Y)(xi SXi)(x; SX;), (54.17)

for somey = X+ t(x SX) witht [0, 1]. Thenx n matrix H (X) = (h (X))
with elemerts hjj (X) = + izi —(Xx) is called the Hessan of f (x) at x = Xx.
The Hessian is the matrix of all secand partial derivativesof f : R" R.
With matrix vector notation with x a n-column vector, we can write

n 2

) N6 S X0 SX) = (xS %) HY)(xS %),
i,j=1 !

We summarize:

Theorem 54.4 (Taylores theor em) Let f : R" R be twice di eren-
tiable with Lipschitz continuous Hessian H = (h; ) with elemerts h; =
fo —. Then, for given x and X R", thereisy = x + t(x S X) with

[0, 1], such that

X
t

fox)=f)+ FX)-(xSX)+ %ij=1 xizi,-

=fX)+ fX)-xSX)+ %(xé)?) H(y)(x S X).

(X SX)(x SX)

54.15 The Contraction Mapping Theorem

We shdl now provethe following generalization of the Contraction Mapping
theorem.

Theorem 545 If g : R" R" is Lipschitz continuous with Lipschitz
constant L < 1, then the eguation x = g(x) has a unique solution x =
limi  x®, where {x(},_, is a sequence in R" gererated by Fixed Point
Iteration: x() = g(x(°D), i =1,2,..., starting with any initial value x© .
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The proof isword by word the same asin thecaseg: R R consideredin
Chapter Fixed Points and Contraction Mappings. We repeat the proof for
the convenience of the reader. Subtracting the equaion x(K) = g(x(kS1)
from xk*D) = g(x(¥)), we get

and using the Lipschitz continuity of g, we thus have
x(k*D) & y(K) L x(0 & x(kS1)

Repeating this estimate, we “ nd that

XKD &y () k() & 5O
and thusfor j > i
is1
% & x() x(K) & y(k+1)
k=i
jgl - 'é'
= = 1S e
(€] 0 k= y@ ) i
xS x L*= x*¥sSx™ L' ——
1SL

k=i

SinceL < 1, {x®},_, is a Cauchy sequencein R", and therefore converges
to alimit X = lim;  x{. Passingto the limit in the equation x() =
g(xt® D) shows that X = g(X) and thus X isa “xed point ofg: R" R".
Uniquenessfollows from the fact that if y = g(y), then XSy = g(x)S
a(y) L XSy which isimpossibleunlessy = X, becausel < 1.

Example 54.16. Consider the function g : R?  R2? de“ned by g(x) =
(91(x), g2(x)) with

1 (x) = 1
A+ o+ kol 2T Zx sin(xg)] + [cogxo)]’

a(x) =

We have

and thus by simple estimates

0)Say) 7 xSy,

which shows that g : R? R? is Lipschitz continuous with Lipschitz
constart Lg }—1. The equaion x = g(x) thus has a unique solution.
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54.16 Solvingf (x) = Owith f : R" R"

The Contr action Mapping theorem can be applied as follows. Suppose f :
R" R" is given and we want to sdve the equaion f (x) = 0. Introduce

g(x) = x S Af (x),

where A is some non-singular n x n matrix with constant coe cien ts to be
chosen.The equation x = g(x) isthenequivalert to the equation f (x) = 0.
If g:R" R" is Lipschitz continuous with Lipschitz constant L < 1,
then g(x) hasa unique “ xed point x and thus f (x) = 0. We have

g(x)=1SAf (x),
and thus we are led to choose the matrix A sothat
I SAf (x) 1
for x closeto the root x. The ideal choice seemsto be:
A=t (X)51,

assuning that f (X) is non-singular, since then g (x) = 0. In applications,
we may seekto choose A closeto f (x)S! with the hope that the corre-
sponding g (x) = | S Af (x) will have gx)E8 small for x closeto the
root x, leading to a quick corvergence.In Newtones method we choose
A =f (x)°1, see below.

Example 54.17. Considerthe initial value problem u(t) = f (u(t)) fort> 0,
u(0) = ug, wheref : R" R" isagiven Lipschitz contin uous function with
Lipschitz constant L¢, and asusud u = ‘é—‘; Consider the backward Euler
method

U(ti) = U(tis1) + kif (U(t)), (54.18)

where 0 = tp <t; <t,...is asequenceof increasingdiscrete time lewels
with time stepski = t; S tjs1. To determine U(t;) R" satisfying (54.18)
having already determined U(tis1), we have to sdve the nonlinear system
of equations

V = U(tig1) + kif (V) (54.19)

in the unknown V. R". This equation is o the form V = g(V) with
g(V)= U(tis1) + kf(V)andg: R" R".

Therefore, we usethe Fixed Point Iteration
VM = Utisq) + kf (V™SD), m=1,2,...,

choosingsay V© = U(t;s1) totry to solve for the newvalue. If L¢ dendes
the Lipschitz constant of f : R"™ R", then

gV)SgW) = k(f(V)SF(W)) kLi VSW , V,W R",

Is there an opening parenthesis missing here?

Ed itores or typesetterr s annotati ons (will be rem oved before the final TEX run)
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and thus g : R" R" is Lipschitz continuous with Lipschitz constant

Ly = kiLt. Now Ly < 1if thetime step k; satis“esk; < 1/L s and thusthe
Fixed Point Iteration to determine U(t;) in (54.18) corvergesif k; < 1/L ;.

This gives a method for numerical solution of a very large classof initial

value problems of the form u(t) = f (u(t)) for t > 0, u(0) = ug. The only

restriction is to choosesu cien tly small time steps,which however can be
a severe redriction if the Lipschitz constant L is very large in the sense
of requiring massive computational work (very small time steps). Thus,

caution for large Lipschitz constants L¢ !!

54.17 The Inverse Function Theorem

Suppose f : R" R" is a given function and lety = f (x), wherex R"
is given. We shall provethat if f (x) is non-singular, thenfor y R" close
to y, the equaion

f(x)=vy (54.20)

has a unique solution x. Thus, we can de“ne x asa function of y for y close
to y, which is called the inverse function x = f S%(y) of y = f (x). To show
that (54.20) has a unique solution x for any given y closetoy, we consider
the Fixed Point iteration for x = g(x) with g(x) = xS (f (X))°(f (x)Sy),
which has the “ xed point x satisfying f (x) = y as desired. The iteration is

xW) = xUSD & (f x)SHF (xUSV)Sy), j=1,2,...,
with x© =X. To analyze the convergence,we subtract
xUSD = xUSAS ( ()4 (xU°2) S y)
and write é = x) § x(USY to get
d=d515(f x)SF(xU5Y) S 1(xUS2) forj=1,2,....
The Mean Value theorem implies
(0SS £(xUSD) = f (2)€°2,

where z lies on the straight line between x5 and x(52 . Note there
might be possibly di erert z for di erert rows of f (z). We conclude that

d= 135 (X)3 (2) 5L

Assuming now that 5
IS¢ X)) (2) , (54.21)
where < 1isa positive constant, we have

e gst .
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As in the proof of the Contraction Mapping theorem, this shows that the
sequence{x(j)}j:1 is a Cauchy sequenceand thus corvergesto a vec-
tor x R" satisfying f (x) = v.

The condition for convergenceis obviously (54.21). T his condition is sat-
is“ed if the coe cien ts of the Jacobianf (x) are Lipschitz continuous close
to x and f (X) is non-singular so that (f (x))S?! exists, and we restrict y to
be su cien tly closetoy.

We summarizein the following (very famous):

The orem 54.6 (Inverse Functi on theorem) Letf : R" R" and as-
sumethe coeci ents of f (x) are Lipschitz continuous close to x and f (x)
is non-singular. Then for y suci ently close to y = f(x), the equation
f (x) = y has a unique solution x. This de‘nes x as a function x = f S1(y)
of y.

Carl Jacoh (1804...51German mathematician, wasthe*“ rst to study the
role of the determinant of the Jacolian in the inversefunction theorem and
alsogave important contributions to many areasof mathematicsincluding
the budding theory of “r st order partial di er ential equations.

54.18 The Implicit Function Theorem

Thereis an important gereralization of the Inverse Function theorem Let
f :R"x R™ R" bea givenfunction with value f (x,y) R" for x R"
andy R™. Assunethat f (x,y) = 0 and considerthe equationinx R",

f(x.y)=0,

for y R™ closeto y. In the case of the Inverse Function theorem we
considereda special caseof this situation with f : R" x R R" de“ned
by f (x,y) = g(x) Sy with g:R" R".

We de“ne the Jacobian f, (x,y) of f (x,y) with respectto x at (x,y) to
be the n x n matrix with elemens

fi
X—j(X' y).

Assuming now that f, (X, y) is non-singular, we consider the Fixed Point
iteration:

x() = xUSD S (1, (X, y)) 31 (xUSD,y),

connectedto solving the equation f (x,y) = 0. Arguing as above, we can
show this iteration generates a sequence {xU)};—;  that corverges
to x R" satisfying f (x,y) = 0 assuning f,(X,y) is Lipschitz continu-
ous for x closeto x and y closetoy. This de“nes x asa function g(y) of y
for y closeto y. We have now proved the (also very famous):
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Theorem 54.7 (Implicit Function theorem) Let f : R" x R™ R"
withf(x,y) R"andx R"andy R™, and assume thatf(x,y)= 0.
Assume that the Jacobian f, (X, y) with respect to x is Lipschitz continuous
for x closeto X and y closeto y, and that f, (X, y) is non-singular. Then
for y closeto y, the equation f (x,y) = 0 has a unique solution x = g(y).
This de"nes x as a function g(y) of y.

54.19 NewtonesMethod

We next turn to Newtones method for solving an equation f (x) = 0 with
f :R" R", which reads:

x0*) = xO §f (xS (xM), fori=0,1,2,..., (5422)
where x©@ s an initia| approximation. Newtones method corresponds to
Fixed Point iteration for x = g(x) with g(x) = x S f (x)°f (x). We shall
provethat Newtonssmethod convergesquadratically closeto aroot X when
f (x) is non-singular. The argumert is the same is as in the case n = 1
consideredabove. Setting € = x S x{), and using X = X S f (x(1)Sf (x)
if f (x) = 0, we have

xS x0*) =% & xD 1 (xM)SL(F(x) S f(xDy)

=S xS (x)SHF (xD)+ Ef (xV, %) = £ (x0)SEr (xV,%).
We conclude that

xSx() ¢ x§xM 2
provided
f (X(i))Sl C,

where C is same positive constant. We have proved the following funda-
merntal result:

Theorem 54.8 (Newtones metho d) If x isaroot of f : R" R" such
that f (x) is uniformly di erentiable with a Lipschitz continuous derivative
closeto x and f (X) is non-singular, then Newtonss method for solving
f (x) = 0 convergesquadratically if started su ciently closeto X.

In concreteimplementations of Newtones method we may rewrite (54.22)
as

f (x)z = §f (x),
x(*) = x() 4 7.

where f (x(0)z = Sf (x(V) is a system of equationsin z that is sdved by
Gaussian elimination or by some iterative method.
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Example 54.18. We return to the equation (54.19), that is,
h(V)= V Skf(V)S U(tig1) = 0.
To apply Newtones method to solve the equation h(V) = 0, we compute
h(v)=1Skf (v),

and conclude that h (v) will be non-singular at v, if ki < f (v) S1. we
concludethat Newtonesmethod corvergesif k; is su cien tly smdl and we
start close to the root. Again the restriction on the time step is connected
to the Lipschitz constant L; of f, since L; re”ects the sizeof f (v) .

54.20 Di erentiation Under the Integral Sign

Finally, we show that if the limits of integration of an integral are indepen-
dent of a variable x4, then the operation of taking the partial derivative
with respect x; can be moved past the integal sign. Let thenf : R> R
be a function of two real variablesx; and x, and consider the integral

1
f (X1, Xx2) dx2 = g(X1),
0

which is a function g(x;) of x;. We shall now prove that
dg . ' f _
d—xl(xl) =, X—l(xl,xZ) dxa, (54.23)

which is refered to as «di er entiation under the integral signZ. The proof
starts by writing

_ f _ . _
f(X1,X2) = f(X1,X2) + X—l(Xl,Xz)(Xl S X1) + Ef (X1,X1,X2),

where we assume that
|Ef (X1,X1,%2)| K (X1 S x1)2.

Taylorestheorem impliesthis istrue provided the secand partial derivatives
of f are bounded. Integration with respect to x, yields

1 1
f (X1, X2) dX2 = f (Yl, X2) dX2
0 0
1 1

. f _ _
+(X1SX1) ——(X,x2)dxa+  Ef (X1,Xz,X2) dXa.
0o X1 0
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Since

1
Ef (X1, X1,X2) dx2  Kj (X1 S x1)?
0
(54.23) follows after dividing by (x1 S X1) and taking the limit as x; tends
to X1. We summarize:

Theorem 54.9 (Di eren tiation under the integral sign) If the sec-
ond partial derivatives of f (X1, X2) are bounded, then for x; R,

1 1

d f
— f(x1,X2)dx, = — (X1, X2) dx 5424
a1 o (X1, X2) dx2 , Xl( 1, X2) dx2 ( )

Example 54.19.

d ! 2381 ! 2351 & !
&0(1+xy) dy = 07(1+><y) dy=S

y2

o @rxy?E Y

Chapter 54 Problems

54.1. Sketch the following surfaces in R®: (a) = {x : xs = x% + x3}, (b)
= {x:x3=x38x3},(c) ={x:x3=x1+x3},(d) = {x:x3=x7+ x5}.
Determine the tangent planes to the surfaces at di e rent points.

54.2. Determine whether the following functi ons are Lipschitz conti nuous or not
on {x : |x| < 1} and determine Lipschitz constants:

(@ f :R® R wheref(x)= x|x|?,

() f :R® R wheref (x)=sin|x|?,

(©) f :R?* R3®wheref (x)= (x1,X2,sin|x|?),

(d) f :R®  Rwheref(x)=1/|x|,

(e) f :R* R®wheref (x)= xsin(|x|), (optional)

() f :R® R wheref (x)=sin(|x|)/|x|. (optional)

54.3. For thefunctionsin the previous exercise, determine which are contractions
in {x :|x| < 1} and “nd their “xed points (optional).

54.4. Linearize the following functions on R® at x = (1,2, 3):
@ f ()= Ix?
(b) f(x) =sin(|x|),

(© f(x) = (Ix[?,sin(x2)),
(d) f(x)=(]x|? sin(xz2), x1X2 cos(xs)).
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54.5. Compute the determinant of the Jacobian of the following functions: (a)
f(x) = (x3 8 3x1x3,3x1x2 S x3), (b) f(x) = ( X1€°2 cog(x3), X1€*2 sin(x3), Xx1€*2).

54.6. Compute the second order Taylor polynomials at (0,0, 0) of the following
functions f : R® R:(a) f(x)= T+ x1+ X2+ X3, (b) f(x)= (x2S 1)xax3,
() f (x) = sin(cos(x1x2x3)), (d) exp(SxZSx3Sx3), (e) try to edimate the errors
in the approximations in (a)-(d).

54.7. Linearize f s, where f (x) = xiX2x3 at t = 1 with (a) s(t) = (t, t?,t%),
(b) s(t) = (cos(t), sin(t),t), (c) s(t) = (t, 1,t>1).

54.8. Evaluate , y" e>™ dy for x > 0 by repeated di eren tiation with respect
to x of , € dy.
54.9. Try tominimize thefunction u(x) = x?+x3+2x3 by startingat x = (1, 1, 1)
using the method of steepest descen. Seek the largest step length for which the
it eration converges.

54.10. Compute the roots of the equation (x2S x2S 3x1 + x2+4,2x1x2 5 3x2 S
x1 +3) = (0,0) using Newtones method.

54.11. Generalize Taylores theorem for a function f : R" R to third order.

x2S x3

54.12. |Is the function f (x1,X2) =
0= S

Lipschitz continuous close to (0, 0)?

Jacobi and Euler were kindred spirits in the way they created their
mat hematics. Both were proli“ ¢ writ ers and even more proli“ ¢ calcu-
lators; both drew a great deal of insight from immense algorit hmical
work; both laboured in many “ elds of mathematics (Euler, in this re-
spect, greatly surpassedJacobi); and both at any moment could draw
from the vast armoury of mathematical methods just those weapons
which would promise the best results in the attack of a given prob-
lem. (Sciba)



