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Preface

The purposeof this book is to stimulate a much neededdebate on math-
ematics education reform. We do not claim that we presen anything near
the whole truth, and that there are not many other points of view. We thus
invite to debate and urge other peopleto expresstheir views. As sciertists
we believe that it is our duty to presert our own standpoints and conclu-
sionsasclearly aspossible,to open for scrutiny and discussion,rather than
ambiguous politically correct views, which are dixcult to question.

This book may be viewed as an introduction to our mathematics edu-
cation reform project Body&Soul basedon a synthesis of Body (compu-
tational mathematics) and Soul (analytical mathematics). We do make a
casefor computational mathematics, which is the new world of mathemat-
ics openedby the computer, now waiting to enter mathematics education.
But we do also proposea synthesis of this new world, with the kernel being
computational algorithms, and the traditional world of analytical math-
ematics, with analytical formulas as the kernel. In fact, algorithms are
expressedusing analytical formulas before being translated into computer
code, and good analytical formulas are necessaryfor understanding and
insight.

Reviewers of the book have remarked that what we tell about the sit-
uation in Swedenis hard to believe, and should better be omitted. Yet,
what we tell is indeed true, and following the idea that true obsenations
of individual facts often may point to a universaltruth, while speculations
without obsenations often lead nowhere, we have decidedto tell (a bit of)
the story. And we beliewve that after all Swedenis not that special, maybe
even typical.



viii Preface

We hope the book can be read (and understood) by many. We hope the
reader will 'nd that the book is partly serious,partly not so serious,and
that our prime objective is to be constructive and cortribute something
new, not to be critical of traditional views. Finally, we hope the readerwill

acceptthat the book is a sketch (not a treatise), which waswritten quickly,
and can also be read quickly.

G#teborg in April 2004

Johan Ho®man, Claes Johnsonand Anders Logg
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1

Introduction

...the resolution of revolutions is the selection by con®ict within
the sciertic community of the ttest way to practice further sci-
ence... (Thomas Kuhn, The Structure of Scienti ¢ Revolutions)

1.1 The Mathematics Delegationand its Main
Task

The Mathematics Delegation was created by the Minister of Education
Thomas Bstros at a Swedish governmert cabinet meeting on 23rd January
2003with the following main task:

2 Analysethe current situation in terms of the teaching of mathematics
in Swalen and assessthe need for changing current syllabusesand
other steering documents.

The report of the delegationis to be delivered on May 28 2004. The dele-
gation involves more than 100 peoplein sewral di®erert committees, but
cortains only one professorof mathematics, and in particular no expertise
of computational mathematics.
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1.2 Crisis and Changeof Paradigm, or Not?

In public presenations of the work of the Mathematics Delegation by its
chairman, the following two statemerts have beenexpressedas a basisfor
the analysis:

2 Al: Thereis no crisis in the mathematics education today.

2 A2: There is no changeof paradigm in mathematics education now
going on becauseof the computer.

Our motivation to write this book comesfrom our corviction that

2 B1: Thereis a crisis in the mathematics education today.

2 B2: There is a change of paradigm in mathematics education now
going on becauseof the computer.

We baseour corviction on our work asexperts in the "eld of computational
mathematics. In particular, we believe that the presen crisis is causedby
an ongoing change of paradigm.

To decide whether A1{2 or B1{2 is true (they cannot be true both) is
important: If the analysis of the delegation is basedon A1{2, and indeed
B1{2 is true and not A1{2, it would seemto be a high risk that the main
task of the delegation cannot be met. And this task is very important,
since mathematics education touches so many in the educational system,
and has such an important role in our scciety.

We encouragethe readerto seekto take a standpoint. In this book, we
give our argumerts in favor of B1{2 in a form which hopefully is readable
to many.

1.3 The Body&Soul Project

Of course, the problems are not solved by just identifying B1{2 as more
true than A1{2; if B1{2 indeeddescribe the realities, it remainsto comeup
with a reformed mathematics program re°ecting the change of paradigm
and which may help to resole the crisis. We brie°y presen our work in
this direction within our Body&Soul mathematics education reform project
(seewww.phi.chalmers.se/bodysoul/).

The Body&Soul project hasgrown out of a 30 year activit y of the senior
author in international researt with seweral in°uential articles and books.
This book may be viewed asa kind of summary of this work, accomplished
with the help of several youngercoworkersnow carrying the project further.
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1.4 SameQuestionsin All Courtries

Mathematics education is of course not a Swedish a®air; the issuesare
similar in all countries, and in ead courtry the di®erert points of view with
A1{2 and B1{2 as clearly expressedalternativ es, have their supporters.

The book is thus directed to a large audience also outside Sweden, al-
though the direct stimuli to write the book as indicated came from the
Mathematics Delegation in Sweden.

If not already in existence,there may soon be a Mathematics Delegation
in many courtries.

1.5 Why We Wrote this Book

In our contacts with the Mathematics Delegation and also elsewhere,we
have met attitudes indicating that a common ground for discussionon
issuesof mathematics educationis largely lacking. It appearsthat today the
worlds of pure mathematics, computational mathematics and mathematics
didactics are largely separated with little interaction. The result is that
there are today no clear answersto the basic questionswhich are generally
acceptedand acknowledged.

The motivation to write this book comesfrom this confusion. We hope
to be able to exhibit somekey aspects of mathematics educationtoday and
presert someconstructive elemerns to help create a more fruitful climate
for debate and reform. Of course,we feel that this is not an easytask.

We hope this book will be readablefor a generalaudiencewithout expert
knowledge of mathematics.

To help, we use a minimum of mathematical languagein the rst part
of the book, and try to expressbasicideasand aspectsin \just* words.

The secondpart is a bit more technical mathematical and contains some
formulas. It may be usedas a test of our claim that somemathematics is
both understandable and useful.






2
What? How? For Whom?Why?

| admit that ead and every thing remains in its state until there is
reasonfor change. (Leibniz)

The mathematician's pattern's, like those of the painter's or the
poet's, must be beautiful, the ideas, like the colours or the words,

must 't together in a harmonious way. There is no permanert place
in the world for ugly mathematics. (Hardy)

2.1 Mathematics and the Computer

Mathematics is an important part of our culture and has a certral role in
education from elemenary pre-sdool, through primary, secondarysdools
and high sdhools to many university programs.

The hasic questions of mathematics education are: What to teach? How
to teach? Whom to teach? and Why to teach? The answersto these ques-
tions are changing over time, as mathematics as a scienceand our ertire
society is changing.

Education in general, and in particular education in Mathematics and
Science,is supposedto have a scierti ¢ basis. A teacher claiming in class
today that 2+ 2= 5, or that the Earth is °at, or derying the existenceof
electrons, bacteria or the genetic code, would certainly face seere dixcul-
ties.

The scienti ¢ basis of the standard mathematics education presened
today was formed during the 19th certury, well before the computer was
invented starting in the mid 20th certury. Therefore the current answersto
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the basic questionsformulated above re°ect a view of mathematics without
the computer.

Today the computer is changing our livesand our scciety. The purpose
of this book is twofold: First, we want give evidencethat the computer is
changing also mathematics as a sciencein a profound way, and thus new
answersto the basic questionsof mathematics education have to be given.
Second,we want to propose new answers to these questions. We do not
claim that our answers are the only possible,but we do claim that the old
answers are no longer functional.

The purposeof this book is to stimulate a much neededdebate on math-
ematics education. We seekto reach a wide public of teachersand students
of mathematics on all levels, and we therefore seekto presert somebasic
ideas as simply and clearly as possible,with a minimum of mathematical
notation.

2.2 Pure and Computational Mathematics

The terms pure mathematics and applied mathematics are usedto identify
di®erent areasof mathematics as a science,with di®eren focus. In applied
mathematics the main topics of investigation would come from areassuc
as medanics and physics, while in pure mathematics one could pursue
mathematical questionswithout any coupling to applications.

The distinction between pure and applied mathematics is quite recert
and gradually deweloped during the 20th certury. All the great mathe-
maticians like Leibniz, Euler, Gauss, Cauchy, Poincare and Hilb ert were
generalistscombining work in both pure and applied mathematics as well
as medanics and physics and other areas.

Eventoday, there is no cleardistinction betweenpure and applied mathe-
matics; a mathematical technique oncedeveloped within pure mathematics
may later 'nd applications and thus becomea part of applied mathemat-
ics. Conversely many questionswithin pure mathematics may be viewed
as ultimately originating from applications.

Another distinction is now deweloping: mathematics without computer
and mathematics with computer. Applied mathematics today can largely
be described as mathematics with computer, or computational mathemat-
ics. Most of the activity of pure mathematics today can correspndingly
be described as mathematics without computer, although computers have
beenusedto solve someproblems posedwithin pure mathematics. One ex-
ample is the famous 4-color problem asking for a mathematical proof that
4 colors are enoughto color any map sothat neighboring courtries do not
get the samecolor.
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For the discussionbelow, we make the distinction between pure math-
ematics (essetially mathematics without computer), and computational
mathematics (mathematics with computer).

The Information Saciety and Computational Mathematics

In fact, computational mathematics forms the basisof our new information
scciety with digital word, sound and image in new forms of virtual real-
ity within science,medicine, econony, education and entertainment. The
scannerat the hospital giving detailed imagesof the interior of your body,
the weather forecast,the °ight simulator, the animated movie, the robot in
the car factory, all usedi®erert forms of computational mathematics. We
will return to someof thesetopics below.

Fermat's Last Theorem

In pure mathematics a question may receiwe attention just becauseit rep-
reserts an intellectual challenge, not becauseit has a scierti ¢ relevance
as a question of someimportance to mankind. The famous mathemati-
cian G. Hardy (1877{1947) expressedhis attitude very clearly in his book
\A Mathematician's Apology", although the title indicates some doubts
about public acceptance.The prime example of this form is the proof of
the famous Fermat's Last Theorem in number theory, which wasthe most
famousopen problem in pure mathematics for 300 hundred yearsuntil An-
drew Wiles completed his 130 page proof in 1994 after 8 years of heroic
lonely constart struggle. For this achievemert Wiles e®ectiely received a
Fields Medal in 1998,the Nobel Prize of Mathematics, at the International
Congressof Mathematicians in Berlin 1998, although technically the Prize
wasawardedin the form of a Special Tribute connectedto the Fields Medal
awards (becauseWiles had passedthe limit of 40 years of age to receiwe
the medal).

Fermat's Last Theorem statesthat there are no integersx; y and z which
satisfy the equation x" + y" = z", wheren is an integer larger than 2. It
was stated in the notes of Fermat (1601{1665)in the margin of a copy of
Arithmetica by Diofantes of Alexandria (around 250 AD). Fermat himself
indicated a proof for n = 4 and Euler developed a similar proof for n = 3.
The French Acadeny of Scienceo®eredin 1853its big prize for a full proof
and drew contributions from famousmathematicians like Cauchy, but none
of the submitted proofs at the dead-line 1857 was correct (and none after
that until Wiles proof in 1994). The great mathematician Gauss (1777{
1855), called the king of mathematics, decidednot to participate, because
he viewed the problem to be of little interest. Gaussbelieved in a synthesis
of pure and applied mathematics, with mathematics being the queen of
science.
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The form of Fermat's Last Theorem makes it particularly ditcult to
prove, sinceit concernsnon-existene of integersx; y and z and an integer
n > 2 suc that x" + y" = z". The proof hasto go by contradiction, by
proving that the assumption of existenceof a solution leadsto a contradic-
tion. It took Wiles 130 pagesto construct a cortradiction, in a proof which
can be followed in detail by only a few true experts.

Fermat's Last Theorem may seemappealing to a pure mathematician
becauseit is (very) easyto state, but (very) hard to prove. Thus, it canbe
posedto a large audience,but the secretof the solution is kept to a small
group of specialists, asin the Pythagorean society built on number theory.

Gaussor Hardy?

But what is the sciertic meaning of a proof of Fermat's Last Theorem?
Somemathematicians may advocate that (apart from aesthetics)it is not
the result itself that is of interest, but rather the methods dewveloped to
give a proof. Gauss would probably not be too corvinced by this type
of argumen, unlesssomestriking application was preserted, while Hardy
would be.

The incredible interest and attention that Wiles proof did draw within
trend-setting circles of mathematics, shavsthat the point of view of Hardy,
as opposedto that of Gauss,today is dominating large parts of the scene
of mathematics, but the criticism of Gaussmay still be relevant. We will
come badck to this topic sewral times below, becauseof its in°uence on
contemporary mathematics education, on all levels.

What and How to Compute, and Why?

In general, becausethe tools are so di®eren, the questions addressedin
mathematics without computer and computational mathematics could be
expected to often be di®eren. We give below an example in the form of
the Clay Institute Mil lennium Prize Problem concerningthe Navier{Stok es
equations.In computational mathematics the pertinent questionwould be:
What quartity of interest of a solution to the Navier{Stokes equations
can be computed to what tolerance to what cost? The prize problem for-
mulated by a pure mathematician instead asks for a proof of existence,
uniquenessand smoothnessof a solution. However, there is quite a bit of
evidenceindicating that the Navier{Stok es equations may have turbulent
solutions, which hardly canbe viewed assmooth pointwise uniquely de ned
solutions, becauseturbulent solutions appear to be partly chaotic. Thus, a
pure mathematician would seemto be willing to considera question with-
out a clear scierti ¢ relevance from applications point of view, if it o®ers
a respectable intellectual challenge. On the other hand, in computational
mathematics one may more likely focus on questionsof relevanceto some
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application. This example illustrates di®erert attitudes in pure and com-
putational mathematics, but of course does not give a complete picture.
Somepure mathematics clearly concernsquestionsof scierti ¢ interest in
applications, others maybe not.

The Formalists and the Constructivists

To sum up: Today there is a dividing line between pure mathematics and
computational mathematics. We will below comebadk to this split, which
originated with the birth of the computer in the 1930sin a great clash
betweenthe formalists (mathematics without computer) and the construc-
tivists (mathematics with computer).

2.3 The Body&Soul Reform Project

Our own answersto the basic questionsare preseried in our mathematics
education reform program, which we refer to as the Body& Soul project
preserted at www.phi.chalmers.se/bodysoul/.

Body&Soul contains books (Applied Mathematics: Body&Soul, Vol I-
I11, Springer 2003, Vol IV- to appear), software and educational material
and builds on a modern synthesis of Body (computation) and Soul (mathe-
matical analysis). Body&Soul presents a synthesis of analytical mathemat-
ics and computational mathematics where analytical mathematics is used
to capture basic laws of sciencein mathematical notation (mathematical
modeling) and to investigate qualitativ e aspects of such laws, and compu-
tational mathematics is neededfor simulation and quartitativ e prediction.
One way of describing analytical mathematicsis to say that it is the math-
ematics performed with pen and paper using symimls, while computational
mathematics is the mathematics performed using a computer. Analytical
mathematics is often viewed as pure mathematics although much of tra-
ditional pre-computer applied mathematics was performed using symbolic
computation.

Body&Soul o®ersa basisfor studiesin scienceand engineeringand also
for further studiesin mathematics, and includes modern tools of compu-
tational mathematics. The goal of Body&Soul is to present mathematics
which is both understandable and useful. Body&Soul is a unique project
in scope and content and is attracting quickly increasinginterest.

In Appendix we reproducethe prefaceto the Body&Soul books. We also
reproduce somesample chapters from di®erent volumesbelow.

Di®erert initiativ esto reform mathematics education have been made
during the last 20 years,in particular in the US under the name of Reform
Calculus. Body&Soul may be viewed as a new brand of Reform Calculus
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with particular emphasison a synthesis of computational and analytical
mathematics. We give more substanceto this aspect below.

2.4 Dizculties of Learning

Mathematics is perceived as a dixcult subject by most peopleand feelings
of insuzciency are very common, among both laymen and professionals.
This is not strange. mathematics is dizcult and demanding, just like clas-
sical music or athletics may be very dixcult and demanding, which may
create a lot of negative feelingsfor students pushedto perform. There is
no way to eliminate all the dixculties met in these areas, except by triv-
ialization. Following Einstein, one should always try to make Scienceand
education basedon Scienceas simple as possible,but not simpler.

In music and athletics the way out in our days is clear: the student who
does not want to spend years on practicing invertions by Bach on the
piano, or to becomea master of high-jump, doesnot have to do so, but can
choosesomealternativ e activit y. In mathematics this option is not available
for anyone in elemenary education, and not even an arts student at an
American collegemay get away without a calculus course,not to speak of
the engineeringstudent who will have to passseeral mathematics courses.

Mathematics education is thus compulsory for large groups of studerts,
and since mathematics is ditcult, for studerts on all levels, problems are
bound to arise. Theseproblems, apparert for everybody, form much of the
motivation behind the task of the Mathematics Delegation.

To cometo grips with this inherent dixcult y of mathematics education,
on all levels, we proposeto o®era di®ereriated mathematics education,
on all levels, according to the interest, ability and need of the di®erert
studernts. Although mathematics is important in our scciety of today, it is
very possibleto both survive and have a successfuprofessionalcareer,with
very little formal training in mathematics. It is thus important to identify
the real need of mathematics for di®erert groups of students and then to
shape educational programsto 1l theseneeds.

Classical Greek or Latin formed an important part of secondaryeduca-
tion only 50 yearsago, with motivations similar to those currently usedfor
mathematics: studiesin these subjects would help develop logical thinking
and problem solving skills. Today, very few studerts take Greek and Latin
with the motivation that such studiesare both ditcult and of questionable
usefulnessfor the e®ortinvested.

One may ask if mathematics education is bound to follow the sameewo-
lution? The answer is likely to directly couple to the successof e®ortsto
make mathematics both more understandable (lessditcult) and more use-
ful today (up to date), in cortrast to the traditional education where many
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fail and eventhosewho succeedmay get inadequatetraining on inadequate
topics.

Euclid's Elementa with its axioms, theorems and the ruler and com-
passesas tools, was the canon of mathematics education for many cen-
turies into the mid 20th certury, until it quite suddenly disappearedfrom
the curriculum along with Greek and Latin. Not becausegeometry ceased
to be of importance, but becauseEuclid's geometry was replacedby com-
putational geometry with the tools being Descartesanalytical geometry in
modern computational form.

2.5 Dizculties of Discussion

The dixcult y of mathematics presers seriousobstaclesto discussionson
mathematics and mathematics education. A pure mathematician of today
would usually state that it is impossibleto corvey any true picture of
contemporary researd to anybody outside a small circle of experts. As a
consequencethere is today little interaction between pure mathematics
and mathematics didactics.

On the other hand, presering essetial aspectsof contemporary researd
in computational mathematics may be possiblefor large audiences,includ-
ing broad groups of students of mathematics. Typically, researd in com-
putational mathematics concernsthe designof a computational algorithm
for solving some mathematical equation, for example the Navier{Stokes
equationsfor °uid °ow. The result of the algorithm may be visualized asa
movie describingsomeparticular °uid °ow, suc asthe °ow of air around a
car or airplane, and the objective of the computation could be to compute
the drag force of a particular design, which directly couplesto fuel con-
sumption and econony. Although the details of the computation would be
dizcult to explain to a layman, the generalstructure of the computation
and its meaning could be corveyed.

Thus, preseniing computational mathematicsto a generalpublic appears
to be possible.In particular, there is a good possibility of interaction be-
tween computational mathematics and mathematics didactics, although
this connection still hasto be developed.

We may compare with other areas of science.Many areas of science
including physics, chemistry and biology sharethe ditculties and possibil-
ities of mathematics. To give a deeppresenation of contemporary researt
in these areasmay be very ditcult, but to corvey essetial aspects and
its possible interest for mankind may still be possible. Of coursethis el-
emert is crucial when trying to raise funds for researd from tax payers
or private investors. To receiwe funding it is necessaryto presert reasons
understandableto both politicians and the general public.
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To sum up: Today there is little interaction between contemporary re-
seart in mathematics and mathematics didactics/education. Mathematics
didactics needsin°ux from contemporary science,as doesthe educationin
any topic, and computational mathematics provides a potential source of
such in°ux which remainsto be exploited.

In fact, the sole part of mathematics education that today seemsto
function reasonably well is elemenary arithmetics taught in elemenary
school (which is the basis of computational mathematics): to be able to
compute with numbersis so obviously useful and the rules of computation
can be made understandableeven to young kids. The challengetoday is to
reach beyond this elemenary level of plus and minus and in understandable
form presert modern computational mathematics with its abundance of
useful applications.

2.6 Summingup the Ditculties

To sum up: Discussionson mathematics education have to struggle with
somekey dixculties: (i) contemporary researt in pure and computational
mathematics seemto live largely separatedlives,and (ii) mathematics di-
dactics largely lives a life separated from both contemporary pure and
computational mathematics.

We have met both (i) and (i) many times when trying to presert our
synthesis of analytical and computational mathematics. The preseri book
represens an e®ortto help to overcomethese ditculties in order to cre-
ate a basisfor a constructive discussionon mathematics education. Maybe
the ditcult y of preseriing cortemporary pure mathematics to a larger au-
dienceis insurmountable, but the situation is di®erent for computational
mathematics. The result of a computational algorithm can often be pre-
serted in a picture or movie, like for instance the °uid °ow obtained from
a solution of the Navier{Stok esequations. Everybody could get something
out from watching suc a simulation as an example of virtual reality, and
could get someunderstanding of the principles of the computation behind
the simulation.

So, it would be natural to seea lot of interaction between mathematics
didactics and computational mathematics. As of now, sud an interaction
is still in its infancy, and we hope in particular that this little book could
draw someinterest from experts of mathematics didactics.
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A Brief History of Mathematics
Education

Life is good only for two things: to study mathematics and to teach
it. (Poisson1781{1840)

3.1 From Pythagorasto Calculusand Linear
Algebra

The Babylonians formed a rich culture in Mesopotamia 2000-1000BC
basedon advancedirrigation systemsand developed mathematics for var-
ious practical purposesrelated to building and maintaining suc systems.
Using a number systemwith base60, the Babylonians could do arithmetics
including addition, subtraction, multiplication and division and could also
solve quadratic equations. The dewvelopmert cortinued in anciert Greece
500BC-100 AD, wherethe sdcools of Pythagoras and Euclid created eter-
nal foundations of arithmetics and geometry. The next leap came with
the calculus of Leibniz and Newton precededby the analytic geometry by
Descartes,which opened for the scienti ¢ revolution starting in the 18th
certury and leadinginto our time. calculus(or di®ererial and integral cal-
culus) is the mathematical theory of functions, derivatives, integrals and
di®erertial equations.

Calculus (also referred to as mathematical analysis) developed over the
certuries with important contributions from many great mathematicians
such as Cauchy and Weierstrassand found its form in the presen cur-
riculum of scienceand engineeringeducation in the beginning of the 20th
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certury. Together with linear algeba including vector and matrix calcu-
lus introducedin the 1950s,calculus today forms the core of mathematics
education at the university level, and simpli ed forms thereof 11 the math-
ematics curricula in secondarysdools. The introduction of linear algebra
was probably stimulated by the dewelopment of the computer, but both
calculus and linear algebra are still preseried asif the computer does not
exist. The foreword of a new standard calculustext usually pays tribute to
an idea that calculus found its form in the early 20th certury and that a
new book can only polish on a forever given picture.

The classicalcurriculum of the university appearing in the 15th certury
wasthe trivium (intersection of three roads) containing grammar, rethorics
and dialectics. There wasalso a quadrivium cortaining arithmetics, geome-
try, music and astronomy, all viewed as parts of mathematics following the
tradition of the Pythagorean school. Arithmetics and geometry connected
to thought and music and astronony to experience and re°ect distinctions
betweenmathematics and the sciencesstill valid in our time.

A further distinction was made between arithmetics and music being
discrete (or digital), while Geometry and Astronomy were thought of as
continuous. We will return to this aspect below, which with modern aspects
of digital computation gets new light.

3.2 From von Neumanninto Modern Scciety

We all know that the modern computer is fundamertally changing our so-
ciety. One may describe this developmen alternatively as a mathematics
revolution re°ecting that the computer may be thought of asa mathemat-
ical machine. More precisely the modern computer is referred as the von
Neumann Machine after the famous mathematician John von Neumann
who rst formulated the mathematical principles of modern computer de-
sign and computer programming in the early 1940s.

Von Neumann followed up on a long tradition within mathematics of
constructing macdhines for automated computation, from the medanical
calculators of Pascaland Leibniz doing elemenary arithmetics, over Bab-
bage's Di®erenae Engine and Analytical Computing Engine designedto
solve di®ererial equations, to the theoretical Turing Machine capable of
mimicing the action of any conceiable computer. The motivation of all
thesemadchineswasto enableautomated computation for various purposes,
typically connectedto calculus.

We may view our modern information scciety as the scciety of auto-
mated computation. Similarly, we may view the modern industrial saciety
asthe scaiety of automated production. Altogether, we may view our mod-
ern sciety asa combination of the industrial society and the information
scciety.
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In the chapter What is Mathematics? below, we give examplesof the use
of mathematics in our information scciety, with automated computation
on words, images, movies, sound, music which form the essencef the new
world of virtual reality.

3.3 Mathematics Education and the Computer

We obsened above that mathematics education in its current canonical
form of calculus, is basically the sameas before the computer revolution.
We argue that this state of a®airsis not motivated from either scierti ¢

or applications point of view. We believe that the computer is radically
changing calculus and that this changehasto be seenin the mathematics
curriculum.

This point of view is not the standard one giving the rationale of the
presert mathematics curriculum, which is much more modest, something
like: ok, the computer is now here, but the essencef calculus remainsthe
sameand the education should not be radically changedin any respect.

This book is about this issue:doesthe computer create a new form of
calculusto be preseried in education, a reform calculus? We answer: yes!
From this basiswe presert a program for such a new form of calculusin
the form of Computational Mathematical Modeling including computation
asa new elemen.

Proponerts of standard calculus would answer: no! (or: hardly!). The
standard curriculum should last for another 100 years. Nothing much has
to be changed.

So there we stand today, without any clear picture emerging. Standard
calculus still dominates the scene,but reform calculusis quickly growing.
And the changecould comequickly. It is possibleto changefrom standard
to reform calculusinstantly. We did this for a group of chemistry students
at Chalmers, and we are just waiting to seeother studernts follow. . .

3.4 The Multiplication Table

The multiplication table may be viewed as the corner stone of elemenary
mathematics education. The educatedman of the 17th certury did not nec-
essarily master the multiplication table, asthis knowledge was something
for practitioners like merchants and carpenters, not for men of learning.
This is illustrated in the famousdiary by Samuel Pepys 1660{69during his
studies at the University of Cambridge, where he describes his ditculties
of learning to master the table: \the most ditcult subject he had ewer en-
courtered". This wasthe samePepys that createdthe modern English °eet
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and becamethe chairman of the Royal Scciety and publisher of Newton's
monumertal Principia Mathematica.

Despite Pepys' ditculties, the multiplication table and spelling formed
the very core of the public school asit wasformed in the mid 19th certury.
These topics gave instruments for exercising cortrol and selectionin the
school system, as they gave objective criteria for sorting students to serve
in the industrial scciety.

3.5 Again: What?

In the information scciety of today, ditculties of spelling can be com-
pensated by using a word processor with a spell checker, and would not
necessarilybe a stumbling block for a careerin academics,administration
or politics for all the talented and intelligent people with some dyslectic
syndrome. Likewise,today the pocket calculator can easily compensatea
lack of mastery of the multiplication table, not to speak of the even more
complicated algorithm for long division. Thus, today the corner stonesof
traditional education, spelling and the multiplication table, seemto be
loosing importance as pillars of elemerary education.

So if the multiplication table and long division no longer sene as the
canon of elemeriary mathematics education, what could/should then be
taught? What could/should be the purpose of elemerary mathematics
education? Or should the old canonbe resurrected?
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What is Mathematics?

The question of the ultimate foundations and the ultimate meaning
of mathematics remains open; we do not know in what direction it
will 'nd its "nal solution or whether a nal objective answer may be
expected at all. \Mathematizing” may well be a creative activit y of
man, like language or music, of primary originalit y, whose historical
decisionsdefy complete objectiv e rationalization. (Weyl)

The universal mathematics is, soto speak, the logic of the imagina-
tion. (Leibniz)

4.1 Introduction

We start out by giving a very brief idea of the nature of mathematics
and the role of mathematics in our society. This is the rst chapter of
Body&Soul Vol 1.

4.2 The Modern World: Automated Production
and Computation

The mass consumption of the industrial scciety is made possible by the
automated massproduction of material goods such asfood, clothes, housing,
TV-sets, CD-players and cars. If theseitems had to be produced by hand,
they would be the privileges of only a selectfew.
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FIGURE 4.1. First picture of book printing technique (from Danse Macabre,
Lyon 1499)

Analogously, the emerging information scciety is based on mass con-
sumption of automated computation by computers that is creating a new
\virtual reality " and is revolutionizing technology, communication, admin-
istration, econony, medicine, and the entertainment industry. The infor-
mation scociety o®ersimmaterial goods in the form of knowledge, infor-
mation, ction, movies, music, gamesand meansof communication. The
modern PC or lap-top is a powerful computing device for mass produc-
tion/consumption of information e.g.in the form of words, images,movies
and music.

Key stepsin the automation or mecanization of production were: Guten-
berg'sbook printing technique (Germany, 1450), Christo®erPolhem's auto-
matic machine for clock gears(Sweden, 1700), The Spinning Jenny (Eng-
land, 1764), Jacquard's punched card cortrolled weaving loom (France,
1801), Ford's production line (USA, 1913), see Fig. 4.1, Fig. 4.2, and
Fig. 4.3.

Key steps in the automation of computation were: Abacus (Ancient
Greece,Roman Empire), Slide Rule (England, 1620), Pascal's Mechanical
Calculator (France, 1650), Babbage'sDi®erenceMachine (England, 1830),
Scheutz' Di®erenceMachine (Sweden,1850), ENIA C Electronic Numerical
Integrator and Computer (USA, 1945), and the Personal Computer PC
(USA, 1980), seeFig. 4.5, Fig. 4.6, Fig. 4.7 and Fig. 4.8. The Di®erence
Machines could solve simple di®erertial equations and were usedto com-
pute tables of elemenary functions such asthe logarithm. ENIA C wasone
of the “rst modern computers (electronic and programmable), consistedof
18,000vacuum tubeslling a room of 50£ 100 square feet with a weight
of 30 tons and energy consuming of 200 kilowatts, and was usedto solve
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FIGURE 4.2. Christo®er Polhem's machine for clock gears(1700) and the Spin-
ning Jenny (1764).

FIGURE 4.3. Ford assenbly line (1913).
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the di®erertial equations of ballistic ring tables as an important part of
the Allied World War Il e®ort. A modern laptop at a cost of $2000with a
processorspeedof 2 GHz and internal memory of 512 Mb has the compu-
tational power of hundreds of thousands of ENIA Cs.

Automation is based on frequert repetition of a certain algorithm or
scheme with new data at ead repetition. The algorithm may consist of
a sequenceof relatively simple stepstogether creating a more complicated
process.n automated manufacturing, asin the production line of a car fac-
tory, physical material is modi ed following a strict repetitiv e scheme,and
in automated computation, the 1sand Osof the microprocessorare modi ed
billions of times eath secondfollowing the computer program. Similarly, a
genetic code of an organism may be seenas an algorithm that generatesa
living organismwhen realizedin interplay with the environment. Realizing
a genetic code many times (with small variations) generatespopulations
of organisms. Mass-praduction is the key to increasedcomplexity follow-
ing the patterns of nature: elemenary particle ! atom ! molecule and
molecule! cell! organism! population, or the patterns of our scciety:
individual ! group! scciety or computer! computer network ! global
net.
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FIGURE 4.4. Computing device of the Inca Culture.
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4.3 The Role of Mathematics

Mathematics may be viewed as the languageof computation and thus lies

at the heart of the modern information society. Mathematics is alsothe lan-

guageof scienceand thuslies at the heart of the industrial society that grew

out of the scienti ¢ revolution in the 17th certury that beganwhen Leibniz

and Newton created calculus. Using calculus, basic laws of mecanics and

physics, such as Newton's law, could be formulated as mathematical mod-

elsin the form of di®erential equations. Using the models, real phenomena
could be simulated and cortrolled (more or less) and industrial processes
could be created.

@wmg '@kﬁmw

|u|||m il u||| el ||| whind || i I|||I|||||||||IIII|I|I||II|IIHllI|I|||IIIII|III|I|I|IH |||||||| il ||||| il ||-||:|i{?|.| Lot
O || U I||||||||||||I \psll |||I| 1||||| iy ||||J_||I|IJ I||||||||||| ||||||”||I||||I||I||'|||I‘ I I|I } |||£||||| | f|||||I|II||||I “]|||I |I|l'l'_'“!“llf|'J|'-|l.||'|||'|||"|||llllli
MH L I||||T|||||| |? Ll |||I||I\-| Loty alealuaghadi n Ll

FIGURE 4.5. Classical computational tools: the Abacus, Galileo's Compassand
the Slide Rule.

The massconsumption of both material and immaterial goods, consid-
eredto bea corner-stoneof our modern democratic society, is madepossible
through automation of production and computation. Therefore, mathemat-
ics forms a fundamenrtal part of the technical basis of the modern society
revolving around automated production of material goods and automated
computation of information.

The vision of virtual reality basedon automated computation was for-
mulated by Leibniz already in the 17th certury and was developed further
by Babbagewith his Analytical Engine in the 1830s.This vision is nally
being realized in the modern computer agein a synthesis of Body & Soul
of mathematics.

We now give some examplesof the use of mathematics today that are
connectedto di®eren forms of automated computation.
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FIGURE 4.6. Napier's Bones (1617), Pascal's Calculator (1630), Babbage's Dif-
ference Machine (1830) and Scheutz' Swedish Di®erence Machine (1850).
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“En maskin eff rikag med

FIGURE 4.7. Odhner's mecdanical calculator made in Géteborg, Sweden,
1919{1950

FIGURE 4.8. ENIA C Electronic Numerical Integrator and Calculator (1945).
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4.4 Designand Production of Cars

In the car industry, a model of a componert or complete car can be made
using Computer Aided Design CAD. The CAD-model describesthe geom-
etry of the car through mathematical expressionsand the model can be
displayed on the computer screen.The performanceof the componert can
then be tested in computer simulations, where di®erenial equations are
solved through massive computation, and the CAD-model is usedasinput

of geometricaldata. Further, the CAD data can be usedin automated pro-

duction. The new technique is revolutionizing the whole industrial process
from designto production.

4.5 Navigation: From Starsto GPS

A primary force behind the dewelopmert of geometry and mathematics
sincethe Babylonians hasbeenthe needto navigate using information from
the positions of the planets, stars, the moon and the sun. With a clock and
a sextart and mathematical tables, the sea-farerof the 18th certury could
determine his position more or lessaccurately. But the results depended
strongly on the precision of clocks and obsenations and it was easy for
large errors to creepin. Historically, navigation has not beenan easyjob.

During the last decade,the classical methods of navigation have been
replacedby GPS, the Global Positioning System.With a GPS navigator in
hand, which we can buy for a couple of hundred dollars, we get our coordi-
nates (latitude and longitude) with a precision of 50 meters at the pressof
a button. GPS is basedon a simple mathematical principle known already
to the Greeks:if we know our distanceto three point is spacewith known
coordinates then we can compute our position. The GPS usesthis princi-
ple by measuringits distanceto three satellites with known positions, and
then computesits own coordinates. To usethis technique, we needto de-
ploy satellites, keeptrack of them in spaceand time, and measurerelevant
distances,which becamepossibleonly in the last decades.Of course,com-
puters are usedto keeptrack of the satellites, and the microprocessorof a
hand-held GPS measuresdistancesand computesthe current coordinates.

The GPS hasopenedthe door to massconsumptionin navigation, which
was beforethe privilege of only a few.

4.6 Medical Tomograply

The computer tomograph createsa picture of the inside of a human body
by solving a certain integral equation by massive computation, with data
coming from measuringthe attenuation of very weak x-rays sert through
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FIGURE 4.9. GPS-system with 4 satellites.

the body from di®eren directions. This technique o®ersmass consump-
tion of medical imaging, which is radically changing medical resear& and
practice.

4.7 Molecular Dynamics and Medical Drug Design

The classicway in which newdrugs are discoveredis an expensive and time-
consuming process.First, a physical seard is conducted for new organic
chemical compounds, for exampleamongthe rain forestsin South America.
Once a new organic moleculeis discovered, drug and chemical companies
licensethe moleculefor usein a broad laboratory investigation to seeif the
compound is useful. This seard is conducted by expert organic chemists
who build up a vast experiencewith how compoundscaninteract and which
kind of interactions are likely to prove useful for the purposeof cortrolling
adiseaseor xing a physical condition. Such experienceis neededto reduce
the number of laboratory trials that are conducted,otherwisethe vast range
of possibilities is overwhelming.

The use of computersin the seart for new drugs is rapidly increasing.
One useis to makeup new compounds so as to reduce the needto make
expensive seartesin exotic locations like southern rain forests. As part of
this seardt, the computer can also help classify possible con gurations of
moleculesand provide likely rangesof interactions, thus greatly reducing
the amount of laboratory testing time that is needed.
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FIGURE 4.10. The Valium molecule.

4.8 Weather Prediction and Global Warming

Weather predictions are based on solving di®ererial equations that de-
scribe the ewolution of the atmosphereusing a super computer. Reasonably
reliable predictions of daily weather are routinely donefor periods of a few
days. For longer periods. the reliabilit y of the simulation decreasesapidly,
and with presen day computers daily weather predictions for a period of
two weeksare impossible.

However, forecastsover months of averagesof temperature and rainfall
are possiblewith presert day computer power and are routinely performed.

Long-time simulations over periods of 20-50yearsof yearly temperature-
averagesare donetoday to predict a possibleglokal warming due to the use
of fossil energy The reliabilit y of these simulations are debated.

4.9 Econony: Stocks and Options

The Black-Sdcholes model for pricing options has created a new market of
so called derivative trading as a complemer to the stock market. To cor-
rectly price options is a mathematically complicated and computationally
intensive task, and a stock broker with “rst classsoftware for this purpose
(which respondsin a few seconds),has a clear trading advantage.



4.10 The World of Digital Image, Word and Sound 29

4.10 The World of Digital Image, Word and Sound

The modern computer and internet now o®erus a °ood of information,
scienceor erntertainment in digital form. Through Data Mining we can
seardr massiwe Data Bases for information. By Data Compression of im-
ages,words and sound we can store and transmit huge Data Bases.This
whole new world of our information society is based on mathematical al-
gorithms for compressingand searding data.

4,11 Languages

Mathematics is a language There are many di®eren languages Our mother
tongue, whatever it happensto be, English, Swedish, or Greek, is our most
important language,which a child masters quite well at the age of three.
To learn to write in our native languagetakeslonger time and more e®ort
and occupiesa large part of the early school years. To learn to speak and
write a foreign languageis an important part of secondaryeducation.

Languageis usedfor communication with other people for purposesof
cooperation, exchange of ideasor control. Communication is becomingin-
creasinglyimportant in our society asthe modern meansof communication
dewelop.

Using a languagewe may create modelsof phenomenaof interest, and by
using models, phenomenamay be studied for purposesof understandingor
prediction. Modelsmay be usedfor analysisfocussedon a closeexamination
of individual parts of the model and for synthesisaimed at understanding
the interplay of the parts that is understanding the model as a whole. A
novelis like a model of the real world expressedn a written languagelike
English. In a novel the characters of peoplein the novel may be analyzed
and the interaction betweenpeoplemay be displayed and studied.

The ants in a group of ants or beesin a beeshive also have a language
for communication. In fact in modern biology, the interaction betweencells
or proteins in a cell is often described in terms of ertities "talking to eat
other".

It appearsthat we ashuman beingsuseour languagewhen we think. We
then seemto usethe languageasa model in our head,wherewetry various
possibilities in simulations of the real world: "If that happens,then I'll do
this, and if instead that happens,then | will do soand so...". Planning our
day and setting up our calendaris alsosometype of modeling or simulation
of events to come. Simulations by using our languagethus seemsto go on
in our headsall the time.

There are alsoother languagedik e the languageof musical notation with
its notes, bars, and scores.A musical scoreis like a model of the real music.
For atrained composer,the model of the written scorecan be very closeto
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the real music. For amateurs, the musical scoremay say very little, because
the scoreis like a foreign languagewhich is not understood.

4.12 Mathematics asthe Languageof Science

Mathematics has beendescribed asthe languageof scienceand technology
including medanics, astronony, physics, chemistry, and topics like °uid
mecdhanics, solid medanics, and electromagnetics.The languageof mathe-
matics is usedto deal with geometrical conceptslik e position and form and
mechanical conceptslike velaity, force and "eld. More generally, mathe-
matics seresas a languagein any areathat includes quantitative aspects
described in terms of numbers, such aseconony, accourting, and statistics.
Mathematics seres as the basisfor the modern meansof electronic com-
munication where information is coded as sequence®f 0's and 1's and is
transferred, manipulated, and stored.

The words of the languageof mathematics often are taken from our usual
language, like points, lines, circles velcity, functions, relations, transfor-
mations, sequenes equality, and inequality.

A mathematical word, term or concept is supposedto have a speci ¢
meaning de ned using other words and conceptsthat are already de ned.
This is the sameprinciple asis usedin a thesaurus,whererelatively compli-
cated words are described in terms of simpler words. To start the de nition
process,certain fundamental conceptsor words are used, which cannot be
de ned in terms of already de ned concepts. Basic relations between the
fundamental conceptsmay be described in certain axioms. Fundamertal
conceptsof Euclidean geometry are point and line, and a basic Euclidean
axiom states that through ead pair of distinct points there is a unique
line passing.A theorem is a statemert derived from the axioms or other
theorems by using logical reasoning following certain rules of logic. The
derivation is called a proof of the theorem.

4.13 The Basic Areas of Mathematics

The basic areasof mathematics are
2 geometry
2 algebra
2 analysis.

Geometry concernsobjects like lines, triangles, circles algebra and anal-
ysis is based on numkers and functions. The basic areas of mathematics
education in engineeringor scienceeducation are
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2 calculus
2 linear algebra.

Calculus is a branch of analysis and concernsproperties of functions suc
as continuity , and operations on functions such as di®erentiation and inte-
gration. Calculus connectsto linear algebrain the study of linear functions
or linear transformations and to analytical geometry, which describes ge-
ometry in terms of numbers. The basic conceptsof calculus are

2 function
2 derivative
2 integral.

Linear algebracombinesgeometryand algebraand connectsto analytical
geometry. The basic conceptsof linear algebraare

2 vector

2 vector space

2 projection, orthogonality
2 linear transformation.

The Body&Soul seriesof books teach the basicsof calculus and linear
algebra, which are the areasof mathematics underlying most applications.

4.14 What is Science?

The theoretical kernel of natural sciene may be viewed as having two
componerts

2 formulating equations (modeling),
2 solving equations (computation).

Together, these form the essenceof mathematical modeling and computa-
tional mathematical modeling. The rst really great triumph of scienceand
mathematical modeling is Newton's model of our planetary systemasa set
of di®ererial equationsexpressingNewton's law connectingforce, through
the inverse square law, and acceleration. An algorithm may be seenas a
strategy or constructive method to solve a given equation via computation.
By applying the algorithm and computing, it is possibleto simulate real
phenomenaand make predictions.

Traditional techniques of computing were basedon symbolic or numer-
ical computation with pen and paper, tables, slide ruler and mecanical



32 4, What is Mathematics?

calculator. Automated computation with computers is now opening new
possibilities of simulation of real phenomenaaccording to Natures own
principle of massiwe repetition of simple operations, and the areasof appli-
cations are quickly growing in sciencetechnology, medicineand economics.

Mathematics is basicfor both steps(i) formulating and (ii) solving equa-
tion. Mathematics is used as a languageto formulate equations and as a
set of tools to solve equations.

Famein sciencecan be reached by formulating or solving equations. The
successs usually manifestedby connectingthe name of the invertor to the
equation or solution method. Examplesare legio: Newton's method, Euler's
equations, Lagrange's equations, Poisson's equation, Laplace's equation,
Navier's equation, Navier{Stok es' equations, Boussinesq'sequation, Ein-
stein's equation, ScrAdinger's equation, Black-Scholesformula. . ., someof
which we will meet below.

4.15 Mathematicsis Dizcult: ChooseYour Own
Level of Ambition

First, we have to admit that mathematics is a dicult subject, and we see
no way around this fact. Secondly one should realize that it is perfectly
possibleto live a happy life with a careerin both academicsand industry
with only elemenary knowledgeof mathematics. There are many examples
including Nobel Prize winners. This meansthat it is advisableto seta level
of ambition in mathematics studies which is realistic and "ts the interest
prole of the individual student. Many students of engineeringhave other
prime interests than mathematics, but there are also students who really
like mathematics and theoretical engineeringsubjects using mathematics.
The span of mathematical interest may thus be expectedto be quite wide
in a group of students following a coursebasedon the Body&Soul seriesof
books, and it seemsreasonablethat this would be re°ected in the choice
of level of ambition.

4.16 SomeParts of Mathematics are Easy

On the other hand, there are many aspects of mathematics which are not
so dizcult, or even \simple", oncethey have been properly understood.
Thus, Body&Soul Vol I-111 contains both dizcult and simple material, and
the “rst impressionfrom the student may give overwhelming weight to the
former. To help out we have in Body&Soul collected the most essetial
nontrivial facts in short summariesin the form of Calculus Tool Bag | and
Il, Linear Algebia Tool Bag, Di®erential Equations Tool Bag, Applications
Tool Bag, Fourier Analysis Tool Bag and Analytic Functions Tool Bag. The
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reader will "nd the tool bagssurprisingly short: just a couple pages,alto-
gether say 15-20pages.If properly understood, this material carriesa long
way and is \all" oneneedsto remenber from the math studies for further

studies and professionalactivities in other areas.Sincethe rst three vol-
umesof the Body&Soul seriesof books contains about 1200pagesit means
50-100pagesof book text for ead one page of summary. This meansthat

the books give more than the absolute minimum of information and has
the ambition to give the mathematical conceptsa perspective concerning
both history and applicability today. Sowe hope the student doesnot get
turned o® by the quite a massive number of words, by rememnbering that

after all 15-20 pagescaptures the essetial facts. During a period of say
oneyear and a half of math studies, this e®ectively meansabout one third

of a pageeat week!

4.17 Increased/Decreasedmportance of
Mathematics

Body&Soul re°ects both the increasedimportance of mathematics in the
information society of today, and the decreasedimportance of much of
the analytical mathematics Tling the traditional curriculum. The student
should thus be happy to know that many of the traditional formulas are no
longer such a must, and that a proper understanding of relatively few basic
mathematical facts can help a lot in coping with modern life and science.
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Virtual Reality andthe Matrix

All thought is a kind of computation. (Hobbes)

5.1 Virtual Reality

The world of virtual reality is created using computational mathematics.
Virtual reality includesthe °ood of computer gameswith increasingreal-
ism, but also e.g.the rapidly deweloping "eld of medical imaging, allowing
avirtual patient or organto be created, which the surgeoncan useto plan
and perform the actual operation on the real patient. Virtual patients can
alsobeusedin simulators for the training of surgeonsjnstead of real bodies.
Medical imaging is based on computational mathematics where informa-
tion from very weak x-rays or acoustic/electro-magnetic wavespenetrating
the body is usedin a massive computation on a computer to create a 3D
image from data measuredoutside the body.

Virtual reality seemsunlimited in scope, with just the computational
power setting the limits. To create virtual reality we needtools of imaging
and tools of simulation to give the created imageslife, and the tools come
from computational mathematics.
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5.2 Digital Cameras

Many of us now usedigital cameras,and are familiar with the represena-
tion of a 2D picture asa rectangular array of pixels with ead pixel being a
small squarewith a certain color. For examplea picture of say 2000£ 1000
pixels would be a 2 megapixel picture, which would occupy roughly 1 Mb
on the memory card of the camera. We also know that we may store the
picture in compressedorm using lessmemory (e.g the JPEG-format), and
that we may subject the picture to various transformations all basedon
di®erent algorithms from computational mathematics.

5.3 MP3

In 1987 the German Fraunhofer Institute started to dewvelop a new com-
pressedform of digital represenation of sound (audio coding), which re-
sulted in the MP3 (ISO-MPEG Audio Layer-3) standard, which is now used
extensively. A full digital represeration of a sound signal of a bandwidth
of 44 kHz would require 1.4 Mbits/second, while MP3 typically needsonly
112 kbps with a reduction factor of 12, without signi cant loss of quality.
MP3 acts like a mathematical Tter simplifying the sound signal without
changing the impressionby the ear.

5.4 Matrix and Marilyn Monroe

The Tm Matrix hasbecomea cult movie, not without good reason.Matrix
connectsto basicaspectsof human spiritual life concerningour perceptions
of what reality may be. Weall know that what we directly perceiwe asreality
is "Ttered through our 5 sensesand that there are many aspects of light,
sound, smell, taste, and tactile sensations\out there" that we miss. And
we may alsofeelthat there may be even more than that. Di®eren religions
seekto presen \virtual realities", often believed to be more \true" than
our every-day supposedlydistorted images.

Young peoplenow spend seweral hours a day in the virtual reality of the
computer. We may asadults view this assilly and meaninglessput the kids
may have a di®erert perception. Books also o®era kind of virtual reality,
like all the endlessstories told during the many yearshomo sapiensspent
in the cavesbeforeturning on the lap top computer in the high-rise °at or
internet cafe,and thus we seemto have both a talent and a needof virtual
reality, in di®erent forms. What makes a good book better than a good
computer gameor interactive computer novel, where we can directly erter
the world of the imagined characters and interact with them? Wouldn't
it be nice to be able to interact with real personslike Marilyn Monroe or



5.4 Matrix and Marilyn Monroe 37

Einstein in a virtual reality, rather than just looking at somephotos in a
book? Or interact with “ctitious peoplefrom the great novels, like Captain
Nemo, Madame Bovary, Charles Swann, Molly Bloom, and others?

FIGURE 5.1. Captain Nemo taking a star sight from the dedk of the Nautilus.
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Mourtain Climbing

Every new body of discovery is mathematical in form, becausethere
is no other guidance we can have. (Darwin)

The key principle of our whole educational system states that education
is basal on sciene, more precisely education of today should be based on
contemporary sciene. We touched this principle above and will return to
it below in somemore detail.

We now presert an aspect of mountain climbing illustrating the key
principle or the role of sciencein education, or the role of a scienist asa
discoverer of scierti ¢ truths.

In mountain climbing one important technique is to facilitate climbing
by attaching a rope to bolts driveninto glitchesin the rock. Oncethe rope
is fastened, it may serwe as a safety measurefor many climbers, and thus
facilitate climbing of dizcult passagedo reach new heights. However, the
“rst climber will have to climb to a new level without a rope and therefore
the role and task of the rst climber is very crucial.

Now, in education asa kind of climbing processto higher levels of knowl-
edgeand understanding, the sciertist hasthe role of rst climbing to a new
level to securea xed point in a Mountain of Knowledge. This may be a
risky and ditcult task, but if successfuit may help many other sciertists
and studerts to follow and reac that new level.

The analogy alsoillustrates the role of the most novel scierti ¢ discovery
in setting the position of all the bolts and the connecting rope below the
new level. Sincethe ertire rope hasto hangtogether, it may be necessaryto
changethe position of many old bolts to 't the position of the just onenew
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bolt on a higher level. This re°ects a principle of unity in science,which
doesnot meanthat there may not be seweral ropesleading to a mountain
top, but that ead rope hasto be connected.

In particular, we want this way to emphasizethe fact that a new scien-
tic discovery may in°uence alsothe educationon all levelsfrom elemerary
and up. A new scierti ¢ discovery about the genetic code or the nature of
gravitation may directly in°uence education on all levels. We seethis hap-
pening in biology and physics, and in social and political sciencesalong
with the rapid changesof scciety, and of coursein di®erent areasof engi-
neering along with advancemerts in technology, and could expect that it
should also happen in mathematics: a new bolt on a new level may change
the ertire rope.

In our own teaching the e®ectmay be as follows: in a coursefor second
year engineeringstudents, we start by posing the top problem of contem-
porary scienceof turbulence, and during the coursewe work our way from
basic elemertis towards a solution of this problem. How this is done is ex-
plained in the chapter Turbulence and the Clay Prize belowv. We thus put
contemporary researf into basic mathematics education, as is necessary
to do in for example molecular biology, whereeven a 10 year old knowledge
may have passeda best-before date.

FIGURE 6.1.\A born climber's appetite for climbing is hard to satisfy; when it
comesupon him he is like a starving man with a feast before him; he may have
other businesson hand, but it must wait." (Mark Twain)
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Scieti ¢ Rewlutions

I know that the great Hilb ert said \W e will not be driven out from
the paradise Cantor has created for us", and | reply \I seeno reason
to walking in". (R. Hamming)

7.1 Galileo and the Market

During the ewlution of our culture, the shaman of the primitiv e religion
was replaced by the priest, who is now being replaced by the sciertist, as
the chief connection of ordinary peopleto the Creator. In 1633the sciertist
Galileo under a threat of death penalty from the Catholic Church had
to deny his corviction that the planets of our solar system including the
earth orbit around the sun. That time the church seemedo be the winner,
but the ideas of Galileo initiated the scierti ¢ revolution which changed
the game completely: the important disputes no longer occur betweenthe
church and sciencebut rather between di®erent disciplines and sdools of
science.Today, investors on the Market are hoping to seenew scierti ¢

discoveriesthat can be patented and can generatefortunes. Sothe “ght to
gain ideological or economicalin®uence in sciencehas a long history and
continuestoday under new rules and conditions of competition.



42 7. Scierti ¢ Revolutions

7.2 ThomasKuhn and Scierti ¢ Rewlutions

According to Thomas Kuhn, the author of the famousbook \The Structure
of Scierti ¢ Rewvolutions", sciencedevelopsthrough a seriesof scierti ¢ rev-
olutions, where new paradigms or setsof basic principles or beliefsreplace
old ones.A paradigm includes (i) formulation of questions,(ii) selectionof
methods to answer the questionsand (iii) de nition of areasof relevance.
A new paradigm developswhen certain questionscannot nd answerswith

available theories/methods, and therefore new theories/methods are devel-
oped which give new answersof newrelevance,but alsoposenew questions,
and soon.

The sciertic revolution of the 17th certury was Newton's medanics
including his theory of gravitation giving Galileo corvincing mathematical
support.

Kuhn carefully analyzed the scierti ¢ revolution of the new physics of
Quantum Mechanics emergingin the 1920sreplacing/extending Newtons
Mechanics. Mathematically, this corresponds to replacing Newton's equa-
tions by Schraddinger's. Physically, it correspondsto viewing e.g.an electron
as a wave rather than a particle, with solutions of ScrAdinger's equation
being referred to as \w ave functions". It also corresponds to a shift to-
wards a partly probabilistic view instead of the fully deterministic view of
classicalmedanics, expressedhrough Heiserberg's Uncertainty Relation.

Kuhn noticed that a scierti ¢ revolution could be perceived as\in visible"
in the sensethat many sciertists would not be aware of (or simply deny)
an ongoing shift of paradigm, in a (subconscious)reaction to save the old
system.

So shifts of paradigms in sciencedo occur, and obviously are of crucial
importance in the ewolution of science.They correspond to key stepsin the
ewlution of life on Earth, like the revolutionary new concept of the rst
mammals developed during the time of the Dinosaurs 65 millions years
ago, which quickly took over the scene(with somehelp from volcanosor
meteors supposedly ending the era of the Dinosaurs).

7.3 Shift of Paradigm in Mathematics?

Today, we may witness such a shift of paradigm from mathematics without
computer to mathematics with computer, although according to Kuhn it
could be expected to be \in visible" to many actors. As in all shifts of
paradigm, the situation may seemvery confusedto the outside obsener,
with the old and the newviewpoints both trying to getthe attention. And of
courseonemay expectthe "ght to partly betough becausémportant values
and investmerts are at stake. Sowe invite the readerto make obsenations
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and draw conclusions,and to be careful not to accept anything for given
unlessgood reasonsto do so are preseried.

In physics we seetoday a dispute between the new physics of string
theory and quantum medanics, and nobody seemstoday to be able to
predict the outcome. String theory may change physics just as quantum
medanicsdid, or it may disappear as one of the unhappy mutations in the
ewlution of science.Time will tell. ..

The prospects for computational mathematics closely connect to the
prospects for the whole IT-sector. In the short run it may be ditcult to
tell what to investin, as a market analyst probably would say, but in the
long run the prospects are formidable.

7.4 Quarrelling Mathematicians

It isimportant to notice that alsomathematics asa sciencehasmet serious
controversies.The "ght during the 1930sbetweenthe formalist and con-
structivist schools within mathematics is described below in the chapter
Do Mathematicians Quarrel?, reprinted from Body&Soul Vol I.

A very short summary goesasfollows: The leader of the formalist school
was the mathematician Hilb ert (who formulated the famous 23 Problems
at the World Mathematics Congressin Paris in 1900). His hope wasto give
a rigorous basisto mathematics basedon \ nitary" principles. The hope of
Hilb ert was refuted rst by Gédel, who showved that there are mathemati-
cal truths, which can not be proved \ nitary”, and secondby Turing (the
inventor of the principle of the computer), who proved that there are num-
bers which are uncomputable by \'nitary" methods. Hilb ert's ideas were
simply incompatible with those of Gédel and Turing, but the cortroversy
was newver resolved. Instead, mathematics split into pure mathematics dis-
regarding the limitations given by GAdel and Turing, and computational
mathematics working with the possibilities and limitations of \ nitary” or
computational methods. Pure mathematics took charge of the mathematics
departmerts and computational mathematics developed outside.

Today the rapidly increasingaccesgo cheapcomputational power brings
new life to these questions, and this time maybe a healthy synthesis may
be created, which is basic idea behind Body&Soul.

7.5 Changeof Paradigm?or Not?

A crucial questionfor mathematics educationtoday is thusif: (B1) there is
a crisis in mathematics education today, and (B2) a changeof paradigm or
scienti ¢ revolution causedby the computer is now going onin mathematics
asa science.
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There are many experts and laymen who claim that B1 and B2 are true,
and there are many who claim the opposite. This is normal in a change of
paradigm: someseeit coming beforeothers. When everybody seeghe same
thing, the change of paradigm is already over. There are many examples
of such reactions from the last decadesof the information society with
the changes of paradigm causedby word processors,mobile telephones
and internet, and of coursemany throughout the history of the industrial
scciety.

7.6 To Prove or Prove Not

To prove that SaddamHusseinhad no weapons of mass-destruction (if he
didn't), was probably more dizcult than proving that he actually had (if
he did). Soto bereally surethat a changeof paradigm is not going on, may
be more dixcult (becauseyou haveto go through all evidence),than to be
really surethat it is (becauseone piece of evidencemay be enough). One
single site for the production of weapons of massdestruction in operation
would have beenenough.But no single one was found.

7.7 The Role of Text Books

According to Thomas Kuhn a scierti ¢ paradigm is described in its text
books. The writers of text booksinterpret the paradigm and transmit it to
new generationsof students. The large number of standard Calculus books,
all quite similar, represen a traditional paradigm formed in the beginning
of the 20th cerntury. The Body&Soul reform project with its sequenceof
text books represerts our own e®ortto presert a new paradigm including
computational mathematics. Time will show if our e®ortshad any e®ector
not. At least we tried.
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Educationis Basedon Science

In scienceone tries to tell people,in such a way asto be understood
by everyone, something that no one ever knew before. But in poetry,
it's the exact opposite. (Dirac 1902-1984)

The education at a modern university is assumedto have a scierti ¢
basis. This meansthat the material preserned should re°ect the current
standpoint of science,not the standpoint say 100 years ago. This is very
evidert in scieni ¢ disciplinessud asphysics,chemistry and biology, where
it would be impossibleto neglectthe discovery of the electron (Nobel Prize
1906) or the molecular structure of DNA (Nobel Prize 1962).

The education programs in primary and secondary schools necessarily
have to be simplied versions of the corresponding university programs,
and thus also hasto have a scierti ¢ basis. Even in pre-sdool education,
it would today be impossibleto deny the existenceof bacteria (discovered
in the late 19th certury), and the electron would necessarilyappear in
secondarysdool physics.

8.1 The Scieni ¢ Basisof Standard Calculus

In mathematics education however, the situation seemgo be di®erer. The
standard calculusbook of today is modeledon a pattern setduring the 19th
certury basedon the work by e.g. Cauchy and Weierstrass,and the impact
of modern computational methods is very small. Authors of calculusbooks
(and there are many) seemto assumethat calculusin this classicalform
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will last forever, and ead new calculus book seemsto be a rewrite of an
already existing calculus book. In particular, students of calculus would
nd no reasonto believe that the scierti ¢ basis of calculus has changed
becauseof the dewvelopmen of the computer and computational methods
during the 20th certury, just as if in physics the electron had not been
discovered.

The standard view would thus be that nothing fundamental in calculus
has changed from the end of the 19th to the end of the 20th certury:
derivatives,integrals and di®ererial equationsare eternal objects and their
meaningand role in sciencedo not depend on the existenceof the computer.
With this view the scierti ¢ basis of calculus has not changedduring the
last 100 yearsin any essetial way and therefore the calculus education
doesnot have to be changedeither.

8.2 A New Scierti ¢ Basis

Our point is di®erert from the standard view: we rmly believe that the
computer has fundamentally changed calculus as a science.We share this
view with many sciertists and mathematicians, but the standard view is
still dominating. There are things that have not changed, but there are
also aspects where the perspective indeed has changed a lot. Thus, the
guestions and answers partly are very di®erert with the computer than
without. Our Body&Soul reform program is basedon this conviction. An
example: with the computer one can computationally solve mathematical
equations such as the Navier{Stok es equations for °uid °ow, for which
analytical solution hasbeenand most likely always will be impossible.The
impact of computational methodsin °uid dynamicsasa scienceand areaof
engineeringpractice is already strong and will grow stronger. For the “rst
time in human history it is possibleto computationally simulate turbulent
°uid °ow and uncover its mysteries.

We return to this topic below in a discussionon the famous Clay Prize
o®ering $1 million for an analytical mathematical proof of existenceand
uniguenessof solutions to the Navier{Stok es equations.

Many mathematicians would today claim that our standpoint is not nec-
essarily the right one. They would advocate that it is possibleto presert
calculus asateacher or author without any deepinsight into modern com-
putational mathematics. We arguethat such a deepinsight indeedis neces-
sary. We meet this problem constartly when we seekto presert our reform
calculus: without a common scienti ¢ basis communication becomesvery
dizcult. We already addressedthis issueabove and will return to this key
aspect below.
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8.3 The Scierni ¢ Basisof Body&Soul

The Body&Soul reform program is an o®-spring of our scierti ¢ work
within computational mathematics over the last 30 years focused on de-
veloping a general methodology for computational solution of di®ereriial
equations. We thus believe that Body&Soul has a scierti ¢ basis which
re°ects a current stand-point of science.

The fact that Body&Soul is basedon contemporary sciencerepresernts
one of the ditculties of discussionalready pointed to. It appearsto us
impossibleto have any sensiblereaction to Body&Soul without a fairly
deepknowledge of contemporary researt in computational mathematics.

Our main messages that indeedcomputation givescalculusa new mean-
ing and role in scienceand education aswell as a new scierti ¢ basis.

Our experienceis that a serious discussionof calculus reform without
a common scienti ¢ basisincluding modern computation is very ditcult,
and this ditcult y will remain as long as computational methods are not
consideredto be an integral part of calculus.

To sum up: Our reform calculus program is motivated by our scierti ¢
work on computational methods. It is our cornviction basedon our experi-
encefrom this work that computation is now giving calculusa new meaning
and role as a science,and that the education and use of calculusin appli-
cations will have to be reformed to properly take the possibilities opened
into accoun.

We believe that the impact of computation on mathematics canno longer
be neglected.
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The UnreasonablE®ectienesof
Mathematican the Natural Sciences?

| don't like it (Qquantum mechanics), and I'm sorry | ever had any-
thing to do with it. (SchrAdinger)

In 1960,E.P. Wigner, a joint winner of the 1963Nobel Prize for physics,
published a paper with the title On the UnreasonableE®ectivenessof Math-
ematics in the Natural Sciene@s in Communications in Pure and Applied
Mathematics. Wigner follows up on Galileo's idea that The book of nature
is written in the languageof mathematics The title capturesWigner's main
messagen the following two key points:

(1) Mathematics is \e®ective" in describingphenomenain medanicsand
physics.

(2) The \e®ectiveness"appearsto be \unreasonable" or mysterious.

The title alsosuggeststhat the \e®ectiveness"of mathematics outside the
natural sciencesmay be far lessobvious.

We may view (1) as the main motivation to include mathematics as
a basis in education in the natural sciences.We now presert some key
exampleswhich would seemto give an atrmation of (1), and we then
return to discuss(1) and (2). In particular, we seekto uncover the paradax
of (2) following Wittgenstein's ideathat an apparert paradox must be the
result of a confusing use of language.



50 9. The UnreasonableE®ectivenessof Mathematics in the Natural Sciences?

9.1 Newton's Model of Gravitation

The basic exampleis of courseNewtoris theory of gravitation basedon (i)
Newtoris (Second) Law of Motion: ma = F, stating that the acceleration
a of a body multiplied by its massm is equal to the force F acting on
the body, combined with (i) Newtorls Inverse Squae Law, stating that
the gravitational force F betweentwo point massess proportional to their
massesm; and m, and inversely proportional to their distancer squared,
with G beinga universalconstart of gravitation, that is F = G™72. Com-
bining thesetwo laws Newton' stheory takesthe form of a set of di®erertial
equations, which describesthe motion of any systemof point massesnter-
acting by gravitational forces,which we may refer to as Newtoris model.
The theory extendsto systemsof (homogeneous)sphereswith r being the
distance betweenthe certers of the spheres,and thus appliesin particular
to our solar system consisting of one (big) sun and 9 (small) planets, as
well as a large number of moons.

Newton gave no explanation for the nature of gravitational forces, nor
the form the Inverse Square Law, for which he was criticized by Leibniz.
Maybe Leibniz wastoo tough: Still today, the nature of gravitational forces
and their \action at a distance" is unknown. It is conjectured that the
gravitational forcesresult from the exchange of certain \particles" called
\gravitons”, but little is known about the nature of suc particles, or even
that they \exist".

Newton's model gives a very concisedescription of any system of bod-
iesinteracting through gravitation, but there is one catch: the di®ererial
equations are very ditcult to solve by analytical mathematics expressing
the solution in an analytical mathematical formula. It is only for the very
special caseof the 2-body problem that we can nd sud a formula, which
turns out to represen an ellipse. But already the 3-body problem preserts
unsurmourtable analytical mathematical ditculties.

Newton derivedthe solution of the 2-body problemin his Principia Math-
ematica, and thereby con'rmed the laws discovered experimentally by Ke-
pler. The successwith the 2-body problem rocketed Newton to instant
fame, and gave mathematics an enormousboost. It appearedthat Man us-
ing mathematics could take up a competition with God and now, with no
more limits to human understanding of the world, the industrial revolution
could get started. The paradigm of our time is largely the same.

The fact that neither Newton, nor anybody else, could tackle even the
3-body problem analytically, did not take away the enthusiasm.The reason
wasthat by a clever useof the 2-body solution one could nd approximate
solutions to e.g. our own planetary system, by rst neglectingthe interac-
tion betweenplanets and then correcting for this e®ect.In his monumental
Mecanique CelesteLaplace made extensive computations of this form.

Today, with the computer, the di®ereriial equations of Newton's model
areroutinely solved computationally. Not by usingthe analytical 2-body so-
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lution, but by directly solving the di®ereriial equationsin ead particular

case.In principle this is done in a step-by-step procedure marching for-
ward in time using small steps:In ead time step the gravitational forces
are computed from the presen given positions of the bodies. Then the ac-
celerationsfor all bodies are computed, then the velocities and nally the
new positions are computed and usedasinput for the next time step. This
procedure is referred to as solving the di®erenial equations by a \time-

stepping" method. In a certain sensecomputational solution of the n-body
problem is thus \easy", at leastin principle. But in practice it may require
a lot of computations, and the computational work quickly grows with in-
creasingn: in ead time step we have to compute the forcesbetweenall the
bodies (there are about n?=2 such forces)and update acceleration,velocity
and position for ead body, and then we have to take many time steps.
Thus, if n is large, e.g.n = 10, then a large computer is needed.

For planetary systems,the number of bodies may not be solarge, but in
molecular dynamics (seebelow) large numbers of molecules/atoms inter-
act in a Newton-type model, which thus represerts a real computational
challenge. Further, in simulations of the formation of galaxies large num-
bers of stars interact by gravitation. So there are many n-body problems
demanding massive computations, but the rapid increaseof computational
power available to many quickly expand the scope of n-body simulations.

9.2 Laplace'sModel of Gravitation

In Mecanique CelesteLaplaceformulated a di®erertial equation satis ed by
the gravitational potential corresponding to a certain distribution of massin

spacewhich is referredto asLaplac/Poisson's equation involving Laplae's
di®erential operator acting on the potential with the massdensity asa given
right hand side. By solving Laplace/Poisson'sequation for the potential,

onegetsthe gravitation force eld asthe gradient of the potential. Laplace
could this way show that the gravitational force generatedby a point mass
satis es the Inverse Square Law. So Laplace could give a \pro of" of the
InverseSquareLaw, which Newton could not, but to do this Laplace had to

assume(without beingableto give a\pro of") that a gravitational potential

must satisfy Laplace/Poisson'sequation.

9.3 Molecular Dynamics

Molecular dynamics gives a model for the interaction of moleculeswhich
is similar to Newton's Model for gravitation, with di®eren intermolecular
forces.Here the number of moleculesmay be large (remember that 1 mole
consistsof 10?3 molecules)soeven a small volume will cortain a large num-
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ber of molecules.Molecular dynamics o®ersnew tools of simulating protein
folding which is a basicprocessof life, but presens formidable challengesto
modern computers. Even the molecular dynamics of ordinary water, which
senesasthe ernvironment for life processesremains a challenge.

9.4 Einstein's Law of Gravitation

Einstein preserted an alternative to Newton's Theory of gravitation in
Einstein's di®erential equation stating that the \curv ature of space-time"
is proportional to the massdensity, and that the motion of a body under
gravitation follows a \shortest path geadesic” in curved space-timein a
\free fall".

Einstein gave no explanation why the presenceof masswould make space-
time curved, nor why a body would necessarilyfollow a gealesic.

A few analytical solutionsto Einstein's equation are known, but even to-
day computational solution remainsan outstanding challenge.For example,
nobody hasbeenable to compute the interaction of two black holes,which
could give insight to the nature of the supposed assaiated gravitational
wavesand thus help experimertal detection.

9.5 The Navier{StokesEquations for Fluid
Dynamics

The Navier{Stok es di®erenial equations formulated 1821{45 describe the
motion of a rich variety of incompressible°uid basedon Newton's Second
Law together with a constitutiv e equation stating that the shearforcesare
proportional to the strain velocity (assumingthe °uid to be Newtonian).
The Navier{Stok esequationsare similar to a Newton model viewing a °uid
to consistof many \°uid particles" which interact by pressureand viscous
forces.The Navier{Stok esequations expressthe basiclaws of medanics of
consenation of massand momertum.

There are only a few known analytical solutions to the Navier{Stokes
equations, and then only for very simple cases.In general solutions show
features of turbulent rapidly changing °ow in time and space.Computa-
tional solution of the Navier{Stokes including turbulent °ow remains a
main challengetoday. We will comebadk to this topic below.

9.6 Sdradinger's Equation

Modern Atom Physics is basedon Schréddinger's equation rst preseried
in 1925, which describe Quantum Physics SdrAdinger's equation may be
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viewed as a generalization of classical Newtonian mechanics, where mo-
mentum is replaced by the Laplace operator acting on a wave function
interpreted as a probability that a particle will be in a certain region of
spaceat a certain time. ScrAdinger formulated his equation so as to ad-
mit certain wave-like solutions that he liked but did not even attempt to
try to \prove" the validity of his equations, but they seemto give precise
predictions in many cases.

Again thesedi®erertial equationsallow analytical solution only in a few
very simple casessuch asthe Hydrogen atom.

SdcrAdinger's equation is particularly demanding computationally since
the number of spacedimensionsis equalto 3N where N is the number of
electrons/kernels. Thus already one atom with many electronsposesa very
demanding computational problem. Modern Atom Physics and Physical
Chemistry can largely be described as the scienceof solving Schradinger's
equation approximately by di®erert approades. The Nobel Prize of 1998
wasawarded for computational methods for solving SchrAdinger's equation,
basedon replacing a large number of electronsby a single electron density
thus reducing the number of spacedimensionsto the usual 3.

9.7 Discussionof E®ectiveness

The mathematical models preserted above may be viewed as key examples
of the \e®ectiveness"of mathematics in medanics, physicsand chemistry.

Newton's, Navier{Stokes, Einstein's and Scradinger's equations are all

di®erertial equations which \describe" fundamenal aspects of the world.

More precisely the equationsexpressin concisemathematical form certain

basic principles of physics. For example, Newtons equations combine New-
ton's SecondLaw ma = F with the InverseSquareLaw F = Gm;m,=r?,
and Navier{Stok es equations expressNewton's SecondLaw together with

an equation coupling viscousforcesto velocity gradierts.

Undoubtedly, all these mathematical models may be viewed as being
extremely \e®ective" in the sensethat the models can be specied on a
couple of lines and yet seemto describe a very wide variety of di®erert
physical scenarios.One may expressthis as a (remarkable) \e®ectiveness
in formulation". The extreme variant of this point of view is the current
quest for a \basic equation for everything” combining the 4 basic forcesof
physics (strong and weak interactions, electromagnetic and gravitational
forces)in one single model of string theory.

But there is a hook, a serioushook: all the equationsare, exceptin very
few special casesjmpossibleto solve by analytical mathematical methods.
Apparently, we are thus able to write down equations which seemto de-
scribe physical realities, but we seemto be unable to solve the equations,
at least by analytical mathematical methods. Of coursethis may make us
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question the \e®ectiveness", since after all it is solutions that we are af-
ter. We may ask what the value of a mathematical model in the form of
a di®erertial equation may be, if we cannot solve the di®erertial equation,
exceptin a few very special cases.The main use of a mathematical model
is ultimately to make predictions, and predictions are made by solving the
equations of the model.

The net result is that we may seriously question the \e®ectiveness" of
the preserted mathematical models, which usually are preseried as key
examples of the \e®ectivenessof mathematics in the natural sciences".
Apparently, the models are \e®ective" from the point of view of econony
of formulation asa certain setof di®erertial equationsexpressingbasiclaws
of physics, but the models are not very \e®ective" from the point of view
of actually solving the equationsto get solutions.

So, maybe the \e®ectivenessof mathematics" is largely an illusion. If so,
the paradax and mystery of the \unreasonable e®ectiveness"would simply
disappear.

We sum up: If we have a phenomenonwhich can be described by some
basic laws, then there is a chancethat we can nd a corresponding math-
ematical model expressingthe basic laws typically as a set of di®ererial
equations. There are many such phenomena,but there are also many phe-
nomenawhere the basic laws seemto be missing or not fully known. This
is often the casein sccial sciencesand this is the reasonwhy mathematics
is not consideredto be very \e®ective" in theseareas.

To give somefurther light on this aspect wetake alook at a mathematical
model used routinely all over the world with results presened ead day
along with the newson television.

9.8 Weather Prediction

We are all familiar with the weather report on TV: A prediction of the
dewvelopmert of the weather in someareafor someperiod of time is made,
and usually the prediction is displayed in a movie shaving the ewlution
of zonesof high and low pressurealong with the wind speed,the expected
amount of rain or snow together with the variation of temperatures. The
time scalemay run from hours for local reports around an airport, to a day
for aregion, to long time predictions of e.g.global warming. But how is the
simulation made?Well, of courseby solving a set of di®erertial equations
supposedly modeling the atmosphere.Someof the di®erertial equationsin
the model expressbasic consenation laws (of e.g. massand momertum),
while others are constitutiv e equations modeling for example the e®ectof
clouds on heat radiation. We may know the basic consenation laws, but
the constitutiv e equations have coexcients which we have to determine.
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Thus, in many caseswe may not know all the equations we want to
solve in a simulation, so a large part of the e®ortwill have to gointo rst
determining what equationsto solve, typically determining various coezx-
cients, like heat conductivity or viscosity. Again this may be approaced by
computation, where we compute with a certain set of coexcients, compare
the corresponding computed solution to obsenations, and then changethe
coezxcients to get a better match.

So, alsoin science,we may have to struggle hard (compute) to nd the
equationsto solve in a simulation. The \e®ectivenessin formulation" may
then becomeas questionable in natural scienceas in econony or sccial
science.
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FIGURE 9.1. Table from Kepler's Ephemerides. Kepler speculated that the
weather was a®ectedby planetary in°uences.






10
Do Wellive in \The Bestof Worlds"?

The Best World has the greatest variety of phenomenaregulated by
the simplest Laws. (Leibniz)

Newton's classical mecanics, ScrAdinger's quantum medanics, Navier{
Stokes°uid mecdhanics and Einstein's cosmologyare all examplesof math-
ematical modelsin the form of di®erenial equations expressingbasic laws
such as consenation of mass,momertum or energy

Each di®erenial equation describes a physical world on a certain sale
ranging from the atomic scaleof Schrdinger's equation to the cosmological
scaleof Einstein's equation.

Each equation may be viewed as a wonderful example of the \unreason-
able e®ectivenessof mathematics in the natural sciences'capturing a large
variety of phenomenain one di®ererial equation expressinga basic prin-
ciple. Each equation may be taken as evidencethat we live in the \Best of
Worlds" following the idea of Leibniz that a best possibleworld would be
one of maximal complexity governed by the simplest laws.

The genetic code seemsto support Leibniz idea: the complete design of
a living being, from the amoebato homo sapiensis encaled in a genome
consisting of a set of chains of amino acids contained in the kernel of eat
cell. This startling idea of the Creator is now being uncovered:the recording
of the human genomewas completed in 2000 and its functionality is now
(slowly) beinguncovered. The processis like rst copying a very thick book
in a completely unknown language about a completely unknown subject
(which may be quite easywith a good copying machine), and then trying
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FIGURE 10.1.The rst pageof the manuscript published in 1684, where Leibniz
intro duced calculus to describe basic aspects of his \Best of Worlds".

to understand what the book says (which could be in"nitely much more
dizcult).

Also StephenWolfram, the creator of the mathematical software Math-
ematica, follows the line of thought of Leibniz in his latest book A New
Kind of Sciene. Wolfram there plays with small computer codes express-
ing somesimple law of interaction which generateinteresting patterns, like
primitiv e forms of life.

Going back to medhanicsand physics,the worlds of Newton, SchrAdinger,
and Einstein thus appearto be\Best Possible",in a way. But we know that
there is a catch, a hook: If the corresponding world has maximal complex-
ity, then solutions to the wonderful equations of Newton, ScrAdinger and
Einstein may be very complex. And that is the catch: a complex solution
is not easyto capture in an analytical mathematical formula. Sowith only
analytical mathematics as a tool we get quickly stuck: We simply can't
solve the equations, and their secretsremain closedto us.

Sowhat is then the useof an equation, to which we can't nd solutions?
It is like a riddle without an answer. Maybe amusing, but what is the use
of it?

Or, is it indeedpossibleto 'nd somekind of solutions?Like in our lives:
It doesnot seemeasyto tell beforehandwhat expressionour genomewill
take asif we had an analytical solution given asa birth presen (which our
insurancecompary certainly would liketo have), but neverthelesssomehav
we seemto live our livesone way or the other, day after day. Or the other
way around: maybe it is the genomethat livesits life and our own life is
somepart of it, which we cannot understand.



11

The ReasonableE®ectienes®f
ComputationaMathematics

When, se\eral yearsago, | saw for the rst time an instrument which,
when carried, automatically records the number of steps taken by
a pedestrian, it occurred to me at once that the entire arithmetic
could be subjected to a similar kind of machinery so that not only
addition and subtraction, but also multiplication and division could
be accomplished by a suitably arranged machine easily, promptly
and with sure results. .. For it is unworthy of excellert men to lose
hours like slavesin the labor of calculations, which could safely be
left to anyone elseif the machine was used... And now that we may
give nal praise to the machine, we may say that it will be desirable
to all who are engagedin computations which, asis well known, are
the mangersof nancial a®airs,the administrators of others estates,
merchants, surveyors, navigators, astronomers, and those connected
with any of the crafts that use mathematics. (Leibniz)

So there we stand and look at the equations, and don't know how to
solve them. Or do we know? Yes, of coursewe can always try to compute
the solutions. Let's seewhat we can do.

We thus ask the question if we can compute solutions to the equations
of Newton, Scradinger and Einstein? Can we do that? Yes,and no!

For some problems, we already have excient methods to compute so-
lutions, for other problems we may expect to develop new methods that
would produce solutions, while other problems seemvery ditcult or im-
possibleto solve computationally. We may phrasethis as\the reasonable
e®ectivenessof computational mathematics".
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Thus: computational mathematics is reasonablein the sensethat we can
solve reasonably many problems with a reasonableamount of computa-
tional work. That is, we cannot solve all problems using computational
mathematics (that would have been unreasonable), but some problems
(which is more reasonable).

Let's give somekey examples(to which we will return in more detalil
below for the reader who wants to know a bit more).

11.1 The Solar System:Newton's Equations

The ewlution of our solar systemis accurately described by Newton's equa-
tion. Knowing the positions of all the planets and their moons at a given
momert (say time t = 0 which may be today), we can compute the posi-
tions for somelength of time ahead(say fort - T whereT is a nal time)
by solving Newton's equationsby time stepping: we start knowing the ini-
tial positions at t = 0 and compute their positions at time t = k, wherek
is a positive time step like 1 hour, 1 day or even 1 year. We then get new
initial positions at t = k and repeat the procedureto get new positions at
time t = 2k, and soon. We would then advanceour solar systemlike a big
Clock, with ead time step being a \tic" by the Clock.

But, in ead time step we would make a small error in the computa-
tion; we cannot compute the positions exactly, since we are using nite
precision ( nite number of decimals) in the computation, and since the
computational method alsoaddsan error (which would be non-zeroeven if
we could compute with in nite precision). Soin ead time step we make a
little error and after many time steps, all the little errors may add up to a
big error, and the computation givescompletely falseresults. We also have
errors from data; from errors in measuredinitial positions, from errors in
estimated valuesof the massesf the planets and moons, and also an error
from a lack of preciseknowledge of the universal gravitational constant G
ertering the equations. Altogether, we have errors from discretization (time
stepping), round-o® ("nite precision arithmetics), and data.

When we solve Newton's equations, we notice that di®eren celestial ob-
jects show di®erent error growth: For example,to computationally predict
the position of our moon over a period of more than thousand yearswould
require higher accuracy of data than the current knowledge of G up to 5-6
decimal places.On the other hand, we would seesmaller error growth in
the position of e.g. Pluto. So, we may predict the ewlution of the solar
system over a period of thousands or million years, depending on what
information or output from the computations we want.

So, solving Newton's equations computationally is \Reasonably Ezx-
cient"” but not more.
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11.2 Turbulence:Navier{Stokes Equations

Turbulence is viewed as one of the main mysteries of Newtonian Mechan-
ics. We know (rmly beliewe) that the motion of an incompressibleviscous
°ow is governed by Navier{Stok es equations which expressNewton's Sec-
ond Law (consenation of momertum) and incompressibility (consenation
of mass). If the viscosity is small (the Reynolds number is large), then
we expect to seeturbulent (highly °uctuating) solutions to Navier{Stok es
equations. If we could solve the equations analytically, we could uncover
the secret of turbulence, but we can't: only very few very simple (non-
turbulent) analytical solutions are know (and these are probably all that
ever may be known).

Again we haveto resortto computational methods: And yes,we can solve
the Navier{Stokes equations to a certain extent computationally. There
are aspects of turbulent °ow (outputs), which are computable and other
aspectswhich appearto be\uncomputable”. For example,we may compute
the drag coetcient c¢p of our car, which is a mean value in time of the
momertary drag force D (t), which is the total force from the air acting on
the body of the car at time t. But we may not compute D (t) accurately at
a giventime t, becauseD (t) is rapidly °uctuating. Neither canwe measure
D (t) and thus we get the messagéahat this information is forever hidden to
us. But we can accurately compute the mean value in time of D (t) which
is the drag coezcient ¢p . We give more details below.

So again, computational solution of the Navier{Stok es equationsis rea-
sonablein the sensethat we can compute someoutputs of turbulent °ow
(typically certain mean values) but not point valuesin spaceor time.

11.3 Sdirddinger's Equation

The Schradinger equation is the basicequation of Quantum Mechanicsand
di®ers essetially from e.g. Navier{Stok es equations. First of all the un-
known is a certain wavefunction interpreted asthe probability of a certain
distribution of atoms and electrons. Second,the number of spacedimen-
sionsis equalto 3N where N is the number of electrons. The idea is that
in a senseead electron has its own copy of three dimensional spaceand
we then get an incredibly rich world of high dimension. The result is that
only the very simplest caseof the Hydrogen atom with one electron allows
an analytical solution.

Since we have to discretize in spaceto solve the ScrAdinger equation
computationally, we also quickly get drowned by the large number of di-
mensions:we quickly 1l up even the largest computer and get nowhere.
The only chanceis to comeup with clever computational methods where
we do not seekto follow ead individual electron but rather work with one
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single electron density. The ditcult y with this approad is that we don't
have an equation to solve for the electrondensity, but “rst haveto construct
the equation solve.

Soeither, we have an equation (SchrAdinger's equation), which we cannot
solve computationally, or we aim for a solvable equation, which we how-
ever don't know what it could be. As we said, to 'nd the equationsto solve
computationally itself may come out as a result of a computational pro-
cedure: To compute the solution of an equation, we ‘rst have to compute
the equation! Again, we may view this as somethingin fact \reasonable".
It would be unreasonableto expect that the equation was given to us by
God, and our task was \just" to solve it. Life is not simple: It is not just
to \get married and be happy", we rst have nd someoneto marry.

11.4 Einstein's Equation

Einstein's equation describing the large scalesof our Universe with grav-
itation as the main force, turns out to be very much more dixcult to
solve computationally than the corresponding simpler model in the form of
Laplace's equations. And of courseas usual, analytical solution is impossi-
ble exceptin a few simple situations. As of now, nobody seemsto be able
to computationally solve Einstein's equation accurately in any generality.
But presumably it will be possibleto get around the dixculties. A good
aspect is that the dimensionis 4 (spaceand time), soit should be possible
to discretize. Main dizculties seemto come from a lack of understand-
ing what the equationsreally meanand how they should be formulated in
a computational approad. Also, what initial and boundary conditions to
posepresert ditculties.

Following our idea that computational mathematics is reasonably ex-
cient, we should expect someprogresssoon concerning computational so-
lution of Einstein's equation. This could be expectedto give new insights
concerning black holes and gravitational waves, which physicists believe
exist but which are dixcult to obsene.

11.5 Comparing Analytical and Computational
Solution Tedniques

In Chapter 12 we touch the di®erencebetween classicalmusic, where the
set of notes to be played is given, and jazz music where improvisation is
an important feature. Many analytical solutions are like the wonderful in-
vertions by Bach, somethingthat we (with alot of practice) can reproduce
more or lesssuccessfully(or even \in terpret" if we are professionals),but
which we cannot write down ourseles.
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Analytical solution is thus \closed" in the sensethat normally we can
only hope to copy what someonemore clever than ourselhes has already
achieved. Calculus books are Tled with \tric ks", which the teacher has
learnt to master by teaching the samecoursemany times. It is like following
an already existing prepared path in the jungle. This makes the teacher
very important asthe sourceto the secretof where to go next, following
the prepared path (which we don't seevery well). The student thus getsa
passiwe role, and his own initiativ esusually lead astray: the problem is to
“nd the next sign dropped by the teacher indicating whereto go.

The basic reasonis that analytical solutions are sparseand dixcult to
“nd. Unlessyou carefully set up the problem just right, no onewill be able
to 'nd a solution. Soanalytical solutions may be viewed as valuable gems,
which are not easyto nd.

On the other hand, by computation you can solve almost any problem,
more or less,and with more or lesse®ort. And you don't have to get stuck
completely: you have your good friend the computer which can help you.
To producean analytical solution you just have your brains and paper and
pencil, soyou are alone.

Thus, computational mathematics is \op en" in the sensethat whatever
problem you approac you can at least do something. Like in jazz music: if
you only know (or feel) the chords, you can make somemusic, even if it is
not on the level of Bach (or a Master of Improvisation like Keith Jarrett.)

Of course,viewing mathematics asatraining ground for problem solving,
it may be very rewarding to learn how to use computational techniques,
becauseyou don't get stuck as much, and always getting stuck does not
build con dence (very important in problem solving), but the cortrary
(which is very destructive).

11.6 Algorithmic Information Theory

Supposeyou comparethe length of a computer program with the \infor-
mation" that may comeout by running it on the computer. The computer
program could be one of StephenWolfram's little codesthat produce com-
plex patterns, or an implemertation of a computational method for solving
the Navier{Stok esequations,which producesa turbulent complexsolution.
In both casesthe computer program could be very short. In the Navier{
Stokescasethis would re°ect that the Navier{Stok esequationsthemseles
can be written down very concisely(2 lines) and that it is possibleto solve
them computationally using a numerical method that also can be written
down in a few lines. Maybe not the most e+cient program, but still capable
of producing a complex solution.

Soin both casesthe computer program may be very short, but the result
that comesout very long in the sensethat it takesa lot of memory to store
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the entire ewlution in spaceand time of the solution. The program may
thus be a few lines long, while the solution may take 2 Gb to store. And
of course,to producethe solution we have to put in alot of computational
work.

This is similar to the genetic code (seebelow), which is quite short in
terms of storage, while the ertire life that may comeout from the genetic
code may be very rich and would require a lot of storageto record. And
of courseto expressthe genetic code in the form of real life, a lot of work
would have to be added (and energy consumed).

If the code is short but the result is long, we may say that there is some
structure or order (Life is short, Art is long). If the code is aslong asthe
result, this may be viewed as evidenceof randomness

So the Best World may be viewed as a complex world regulated by a
short computer program. Viewing the Creator of sud a Best World as a
programmer, this would indicate that the Creator is a good programmer,
with accesdo a lot of computational resources.

This alsocouplesto the conceptof depth of information, wherethe depth
measuregshe amount of work requiredto producea certain result or answer.
The answer may be short like a \no" (or \42") as a result of a very long
thought process(or computation), e.g.in a proposalto marriage, and may
thus be of considerabledepth. Or a very short one of little depth as a
responseto the question\Do you still smoke?" or \Is two plus two equalto
“ve?". One may say that Fermat's Last Theorem has a considerabledepth,
taking the length of its proof as a measure,with a very short answer.

Further, if a short computer program is capable of producing a complex
output when executedon someshort input data, it may be usedto transmit
the output data in an excient way. Instead of rst computing the output at
location A and then sendingthe output to location B, which may require
sending very large amourts of data, one would send the short program
together with the short input from A to B, and then executethe program
at B to produce the output.

11.7 How Smart is an Electron?

Somehav eadh electronin a moleculehasto 'nd out what to do, by some-
how \solving" its own copy of the ScrAdinger equation. So \solving" in
somesensehas to be \simple", since after all a single electron must have
a limited intelligence. This indicates that there may be a simple computer
program for the computational solution of SchrAdinger's equation.
Arguing this way, the world asit ewlves,seemso nd its way in a mas-
sive \ph ysical computation" with many interacting particles eat onesolv-
ing its own equation, which the physicists may say ultimately boils down to
an \exchange of something". A processwhich maybe could be modeled in
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a digital computation with instead exchange of digits. The massivenessof
the computation with many particles interacting would then be what opens
to complexity. A short computer program applied in a massiwely parallel
computation would produce the complex Best World.

11.8 The Human GenomeProject

In 2003 the Human Genome Project was completed by obtaining the se-
guenceof the 3 billion basepairs making up the human genome,or genetic
code, distributed over about 30,000genes.The order of the basesA, T, C
and G spells out the exact instruction neededto maintain and reproduce a
living organism,whether it is a human being, a tree or a microbe. Each cell
of the organism has a copy of the complete genome.The genomecan be
viewed as a computer code which generatesa certain living organismwhen
the code is executedmany times in many cells. The code is very compact
(lessthan 1 Gb of storage), but its expressionvery complex, thus meeting
Leibniz criterion of a Best World.

Algorithmic information theory is the result of putting Shannon's
information theory and Turing's computabilit y theory into a cock-
tail shaker and shaking vigorously. The basic idea is to measurethe
complexity of an object by the size in bits of the smallest program
for computing it. (G. J. Chaitin)
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Jazz/Pop/Folk vs. ClassicaMusic

Music is the pleasure the human soul gets from counting, without
knowing it. (Leibniz)

We present another analogy taken from the area of music. We know that
there are many profound connectionsbetweenmusic and mathematics go-
ing way badk to the Pythagoreansin old Greece,who discoveredthe math-
ematics of musical scalesand harmony as simple fractions such as 3=2 and
9=4.

We know that there is jazz/p op/folk music and classical music, which
are quite di®erert even if they share elemers of musical scales/harmory
and rhythm. In jazz music the basic structure of a tune being played is de-
termined beforehandin the form of a basic chord progressionand rhythmic
pattern (e.g.a 12 bar blues pattern), but the details of the music (melody,
harmony and rhythm) is created during performancein improvisations on
the given harmonic/rh ythmic structure. One may view the improvisation
as a computation being performed during performanceon a certain set of
data with certain (partly random) decisionsbeing taken as the improvisa-
tion develops.

In classicalmusic on the other hand, the full score(set of notes) is set
beforehand.The individual members of a symphory orchestra do not have
the freedomto improvise and play what they feelto play for the momert
(eveniif it would be harmonically and rhythmically correct), but will have
to play the given notes. The conductor has a freedom of interpretation in
tempo and phrasing which may be di®erent from one performanceto the
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next accordingto inspiration. But the given set of notes have to be played
accordingto the partiture created by the composer.

We may view computational mathematics assharing a quality of jazz mu-
sic: a computation follows an algorithm which prescribesa certain structure
of the computation, like a chord progression,but ead run of the compu-
tation may be done with new data and a new result will come out. The
computation may be designedto simulate the ewolution of the atmosphere
to giveinput to a weather prediction report, and there may evenbe random
elemerts in the computation re°ecting lack of data or strong sensitivity to
small disturbances.

On the other hand, the most essetial elemen of pure mathematics as
a scienceis consideredto be a proof of a theorem created by an individ-
ual mathematician, which may be viewed as a kind of scorecreated by an
individual composer. Often the theorem is given a hame memorizing the
mathematician who rst created a proof of that theorem. For example we
have: Banadh's Fixed Point Theorem, Brouwer's Fixed Point Theorem, Lef-
sthetz' Fixed Point Theorem, Schauder's Fixed Point Theorem, Kakutani's
Fixed Point Theorem, ...

It appearsthat jazz/p op/folk musicreadhesmany more peoplethan clas-
sical music, which also get large audienceswhen the classicsare performed
but often very few when contemporary music is played. Analogously, we all
meet many products of computational mathematics in our everyday life,
while the activities of pure mathematics more and more seemsto develop
into activities understood by very small groups of specialists.

Of course,the analogy preseried only captures, at best, sometruth and
doesnot describe the whole picture. Someof the reviewers of the book did
not not understand the messageof this chapter. How about you?

FIGURE 12.1. Charlie Parker, a genius of improvisation.
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The Right to Not Know

To my knowledge the President had no prior knowledge of the bug-
ging plan, and such knowledge by Nixon, would be ditcult to believe.
(Nixon's campaign Deputy Director Jeb Stuart Magruder, testifying
under oath 1972)

To not know, to not be informed, is atrait of political life which we all have
met. The Swedish Prime Minister did not know anything about bribesin
weapons deals between Sweden and India, which causeda sewere govern-
mert crisis in India. Nixon did not know anything about Watergate, Kohl
did not know about the "nances of his electoral campaigns,and Blair was
not aware of missing proofs of the existenceof weapons of massdestruction
in Iraq. Or did they know? We don't know for sure.

Also in science,denial and ignorancemay be a powerful tool. By simply
ignoring new facts, an old paradigm may be upheld for yet someperiod of
time. Ignoranceis basedon a (possibly silert) agreemen to ignore. Like in
the H.C. Andersen story about the Emperors New Clothes, where every-
body agreedto ignore the fact that the Emperor was naked, excepta little
boy. ..

It appears that mathematicians have the right to be ignorant about
mathematics didactics, and experts of mathematics didactics have the right
to not know too much about contemporary researt in mathematics. And
both groups seemto have the right to not be well informed about com-
putational mathematics. Similarly, the Mathematics Delegation seemsto
have the right to pretend that computational mathematics doesnot exist.

But there are hooks of course:to pretend to not know, while knowing, or
to betruly ignorant, may bearisky tactic. In business,t would certainly be
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wiser to try to follow what the other actors on the market are doing, than
to simply forget about their existence.And the samerule should apply to
science:it would seemwiser to be informed about what your competitors
are doing, than to know nothing. At best this knowledge could give you
the good feeling of knowing that you are ahead,and if you seethat you are
behind, you'd better catch up.

In an open scciety with freedom of speed, there are limits to what can
be ignored: there are digging journalists and doggedsciertists, which will
simply not disappear even if ignored for a long time.

We have written seeral debate articles in the Swedish daily pressabout
the need of reform in mathematics education. We have met very positive
responsefrom many, but none at all from pure mathematics and mathe-
matics didactics. In our last debate article in GAtelorgs-Postenon March
6 2004 (seeAppendix) we suggestedthat the lack of reaction could re°ect
a lack of knowledge of computational mathematics, i.e., a geruine lack of
ideas of how to respond to what we were saying. And we did not get any
reaction indicating that this waswrong.



14
An Agenda

...there is no study in the world which brings into more harmonious
action all the faculties of the mind than [mathematics], ...or, like
this, seemsto raise them, by successie steps of initiation, to higher
and higher states of consciousintellectual being...(Sylvester 1814{
1897)

We proposethe following agenda:

2 Createascierti ¢ basisof mathematicsincluding both pure and com-
putational mathematics.

2 |Improve the interaction between pure/computational mathematics
and didactics of mathematics.

2 Develop reformed mathematics educationson all levels basedon the
new scieni ¢ basis.

Needlesdso sa, this agendais demanding and would needcortributions
from many to get an impact. Our Body&Soul Project represertis a small
initial e®ortin this direction.

The agendais short, and it should be expandedand be made more de-
tailed. Here we only give a few commerts:

14.1 Foundationsof Computational Mathematics

The famous mathematician Stephen Smale, Fields Medalist 1966, has ini-
tiated the formation of the organization Foundations of Computational
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Mathematics FOCM which \supp orts and promotesreseard on foundations
of computational mathematics, and fosters interaction among mathemat-
ics, computer scienceand other areasof computational sciencethrough its
conferencesworkshopsand publications”. The FOCM seriesof conferences
shows a dewvelopmert from an initial enthusiasm(FoCM 95) to identify the
\foundations”, to a realization (FOCM 02) that it was ditcult to really
properly identify them.

Our own experiencefrom our researti and from writing seweral books,
and from participating in FOCM 95/02, is that the foundations of com-
putational mathematics are the sameas those of constructive calculus as
preseried e.g. in Body&Soul. Thus, if we take away the non-constructive
aspects of calculus, then what remains is constructive calculus which to-
getherwith the computer givesus computational mathematics. This means
that among the foundations of computational mathematics we nd com-
puter arithmetic with real numbers, Banadh's xed point theorem, New-
ton's method, Euler's method, Gaussianelimination, the Conjugate Gra-
dient method and Galerkin's method.

14.2 New Possibilitiesfor Mathematics Education

We have remarked above on, from our perspective, a missing interaction
between mathematics didactics and computational mathematics. We be-
lieve that computational mathematics, or constructive calculus, opensnew
possibilities in the teaching of mathematics, and thus should open a new
interesting and fruitful "eld of mathematics didactics. Until now we have
seenlittle exploitation of these new possibilities. We hope that this lit-
tle book can help to stimulate an interest from mathematics didactics in
computational mathematics.



Part I

Essence






15
A Very ShortCalculusCourse

Mathematics hasthe completely false reputation of yielding infallible
conclusions. Its infallibilit y is nothing but identit y. Two times two is
not four, but it is just two times two, and that is what we call four
for short. But four is nothing new at all. And thus it goeson in its
conclusions, except that in the height the identit y fadesout of sight.
(Goethe)

15.1 Introduction

Following up on the generalidea of scienceasa combination of formulating
and solving equations, we describe the bare elemers of this picture from
a mathematical point of view. We want to give a brief glimpse of the main
themesof Calculusthat will be discoveredif we work through the volumesof
Body&Soul. In particular, we will encourter the magical words of function,
derivative, and integral. If you have someidea of these concepts already,
you will understand someof the outline. If you have no prior acquairntance
with these concepts, you can use this section to just get a rst taste of
what Calculus is all about without expecting to understand the details at
this point. Keep in mind that this is just a glimpse of the actors behind
the curtain before the play begins!

We hope the reader can usethis chapter to get a grip on the essenceof
Calculus by reading just a couple of pages.But this is really impossiblein
somesensebecausecalculus contains so many formulas and details that it
is easyto get overwhelmedand discouraged.Thus, we urge the reader to
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browsethrough the following couple of pagesto get a quick idea and then
return later and con' rm with an\of course".

On the other hand, the reader may be surprised that somethingthat is
seemingly explained so easily in a couple of pages,actually takes seweral
hundred pagesto unwind in this book (and other books). We don't seem
to be able give a good explanation of this \contradiction" indicating that
\what looks ditcult may be easy" and vice versa.

15.2 Algebraic Equations
There are algebaic equations of the form: "'nd % such that
f(x)=0; (15.1)

wheref (x) is a function of x. Recall that f (x) is said to be a function of x
if for each number x there is a number f (x) assigned.

We call X a root of the equation f (x) = 0 if f(X) = 0. The root of
the equation 15x j 10= 0is kX = % The positive root % of the equation

x?i 2= 0Oisequalto 2% 1:41. There are di®erert methods to compute
a root X satisfying f (X) = 0 such as the Bisection Method and Newton's
Method.

15.3 Di®erertial Equations

We will alsoconsiderthe following di®erential equation: nd a function x(t)
such that for all t

xqt) = f(1); (15.2)

wheref (t) is agivenfunction, and xt) is the derivative of the function x(t).
This equation has seweral new ingredients. First, we seekhere a function
x(t) with a set of di®erert valuesx(t) for di®erer valuesof the variable t,
and not just onesinglevalue of x like the root the algebraicequation x? = 2
consideredabove. x = x(y) = 7. Secondly the equation xXt) = f(t)
involvesthe derivative x{t) of x(t), sowe have to investigate derivatives.

A basic part of Calculus is to (i) explain what a derivative is, and (i)
solve the di®ereriial equation xYt) = f (t), wheref (t) is a given function.
The solution x(t) of the di®ererial equation xYt) = f (t), is referred to as
an integral of f (t), or alternatively as a primitive function of f (t). Thus,
a basic problem of Calculusis to nd a primitiv e function x(t) of a given
function f (t) corresponding to solving the di®ererial equationxYt) = f (t).

We now attempt to explain (i) the meaningof (15.2) including the mean-
ing of the derivative x{(t) of the function x(t), and (ii) give a hint at how
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to nd the solution x(t) of the di®ererial equation xqt) = f (t) in terms
of the given function f (t).

As a concreteillustration, let usimagine a car moving on a highway. Let
t represen time, let x(t) be the distance traveled by the car at time t, and
let f (t) be the momentary velccity of the car at time t, seeFig. 15.1.

/T f (1)
O—=0O

FIGURE 15.1. Highway with car (Volvo?) with velocity f (t) and travelled dis-
tance x(t).

We choosea starting time, say t = 0 and a nal time, say t = 1, and we
watch the car asit passesfrom its initial position with x(0) = 0 at time
t = 0 through a sequenceof increasing intermediate times t1, t,..., with
corresponding distancesx(t;), X(t2),..., to the "nal time t = 1 with total
distance x(1). We thus assumethat 0 = tg < t; < ¢¢¢< t,; 1 < t, ¢¢¢<
ty = 1is a sequenceof intermediate times with corresponding distances
X(tn) and velocities f (t,), seeFig. 15.2

D% 5 f(tni 1) Dé 5 f(tn)

e —

FIGURE 15.2. Distance and velocity at times t,; 1 and t,.

For two consecutive times t,; 1 and t,,, we expect to have
X(tn) Yax(th; 1) + f(tn; 1)(th i th; 1); (15.3)

which says that the distance x(t,) at time t,, is obtained by adding to the
distance x(tn; 1) at time tn; 1 the quantity f (tn; 1)(tn i tn; 1), Which is
the product of the velocity f (t,; 1) at time t,; 1 and the time increment
tn i th; 1. This is because

changein distance = averagevelocity £ changein time;

or traveleddistance betweentime t,; 1 and t, equalsthe (average)velocity
multiplied by the time changet, j t,; 1. Note that we may equally well
connectx(ty) to X(th; 1) by the formula

X(tn) Yax(tn; 1) + f(ta)(tn i th; 1); (15.4)
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corresponding to replacingt,; 1 by t, in the f (t)-term. We usethe approx-
imate equality %2 becausewe usethe velocity f (ty; 1) or f (tn), which is not
exactly the sameas the averagevelocity over the time interval from t,; 1
to tn, but should be closeto the averageif the time interval is short (and
the velocity doesnot changevery quickly).

Example 15.1. If x(t) = t?, then x(tn) i X(tn; 1) = t3i t3, 1= (tn +
tn; 1)(th i tnh; 1), and (15.3) and (15.4) correspond to approximating
the averagevelocity (t, + tn; 1) with 2t,; 1 or 2t,, respectively.

The formula (15.3) is at the heart of Calculus! It cortains both the
derivative of x(t) and the integral of f (t). First, shifting x(tn; 1) to the left
and then dividing by the time incremert t, i tn; 1, we get

X(th) i X(tn; 1)

Yaf (th; 1): (15.5)
thi thiz

This is a courterpart to (15.2), which indicates how to de ne the derivative
xYtn; 1) in order to have the equation x%t,; 1)) = f (tn; 1) fulTled:

Y, X(tn) i X(tni 1):

XO(tni ) thi thiz
I

(15.6)
This formula says that the derivative x{tn; 1) is approximately equal to
the average velaity
X(th) i X(tn; 1),
thi thj1 .
over the time interval betweent,, 1 and t,. Thus, we may expect that
the equation x%(t) = f (t) just says that the derivative x{t) of the travelel
distance x(t) with resgect to time t, is equal to the momentary velccity f (t).
The formula (15.6) then says that the velocity xYt,; 1) at time ty; 1, that is
the momentary velccity at time ty; 1, iS approximately equalto the average
velccity over the time interval (tn; 1;tn). We have now uncovered some of
the mystery of the derivative hidden in (15.3).
Next, considering the formula corresponding to to (15.3) for the time
instancest,; » andty; 1, obtained by simply replacingn by nj 1 everywhere
in (15.3), we have

X(tn; 1) YaX(tn; 2) + f(th; 2)(th; 10 thj 2)s (15.7)
and thus together with (15.3),
Yax thi 1)
Z
X(tn) Yax(tn; 2) + f(tn; 2)(th; 10 thy 2) +F (th; 1)(tn i th; 1): (15.8)
Repeating this process,and usingthat x(tg) = x(0) = 0, we get the formula
X(tn) ¥aXn = f(to)(tri to) + f(ta)(t2j t1) + CCC
+ f('[ni 2)(tni 1i tni 2) + f(tni l)(tn i tnj 1):

(15.9)
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Example 15.2. Consider a velocity f (t) = ﬁ increasing with time
t from zero for t = 0 towards one for large t. What is the travelled
distance x(t,) at time t, in this case?To get an (approximate) answer
we compute the approximation X, accordingto (15.9):

t t
X(tnh) ¥a Xy = 1+_lt1(t2 i t1)+ 1+2t2

(tzi t2) + ¢CC

tni 2 tl"lj 1
+—(thi 10 thi2)+t —————(tni thi 1):
1+tni2(n|ll n|2) 1+tni1(n| nll)
With a\uniform” time stepk = t; j tj; 1 for all j, this reducesto
k 2k
1 = -
X(th) YaXp 1+ kk+ 1+ 2kk+ ¢ee

(ni 2k (i 1k
1+ (nj 2k 1+ (nj Dk
We compute the sum for n = 1;2;::;; N choosingk = 0:05, and plot the
resulting valuesof X, approximating x(tn) in Fig. 15.3.

FIGURE 15.3. Travelled distance X, approximating x(t) for f (t) = 11—t with

time stepsk = 0:05.

We now return to (15.9), and setting n = N we have in particular
X(1) = x(tn) Yaf (to)(tai to) + f(ta)(t2i ty)+ ¢CC
+E (g 2)(tng 10 g 1) + g (N ity 1)

that is, x(1) is (approximately) the sum of the terms f (tn; 1)(tn i tn; 1)
with n ranging from n = 1 up to n = N. We may write this in more
condensedform using the summation sign § as

X
X(1) Ya f(tn; )(tn i thy 1); (15.10)

n=1
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which expresseshe total distance x(1) asthe sum of all the incremens of
distancef (tn; 1)(tn i tn; 1) for n = 1;:::;; N . We can view this formula asa
variant of the \telescoping" formula
5,0 5,0
z 1 {z
X(1) = x(tn) i X(tng 1) + X(tng 1) i X(tng 2) + X(tn 2) ¢0¢
0

z__J
+j X(t1) + X(t1) i X(to)
= T((tN) i{ZX(tNi 1? + r(tNi 1)};2 X(tn 22 + X(tn; 2) €0¢; x(t1)

Yaf (tNi 1)(tN i tNi 1) Yt (tNi 2)(tNi 1i th 2)

i) g xt)

Yaf (to)(t1i to)

expressingthe total distance x(1) as a sum of all the incremerts x(t,) i
x(tn; 1) of distance (assumingx(0) = 0), and recalling that

X(tn) i X(tn; 1) Yaf (th; 1)(tn i th; 1):

In the telescoping formula, eat value x(t,), except x(ty) = x(1) and
X(to) = 0, occurstwice with di®erert signs.
In the languageof Calculus, the formula (15.10) will be written as

z 1
x(1)=  f(t)dt (15.11)
0

where ¥ghas been replaced by =, the sum P has beenreplaced by the
integral , the incremerts t, i tn; 1 by dt, and the sequenceof \discrete"
time instancest,, running (or rather \jumping" in small steps)from time 0
to time 1 correspondsto the integration variablet running (\contin uously")
from 0 to 1. We call the right hand side of (15.11) the integral of f (t) from
0to 1. The value x(1) of the function x(t) for t = 1, is the integral of f (t)
from 0 to 1. We have now uncovered some of the mystery of the integral
hidden in the formula (15.10) resulting from summing the basic formula
(15.3).

The dizculties with Calculus, in short, are related to the fact that in
(15.5) we divide with a small number, namely the time incremert t, j
tn; 1, Which is a tricky operation, and in (15.10) we sum a large number
of approximations, and the question is then if the approximate sum, that
is, the sum of approximations f (tn; 1)(tn i th; 1) Of X(tn) i X(tn; 1), IS a
reasonableapproximation of the \real" sum x(1). Note that a sum of many
small errors very well could result in an accunulated large error.

We have now gotten a ‘rst glimpse of Calculus. We repeat: the heart is
the formula

X(th) YaX(tn; 1) + f(th; 1)(tn i tn; 1)
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or setting f (t) = xYt),
X(tn) Yax(tn; 1) + Xo(tni )i th; 1);

connecting incremert in distanceto velocity multiplied with incremert in
time. This formula contains both the de nition of the integral re°ecting
(15.10) obtained after summation, and the de nition of the derivative xt)
accordingto (15.6) obtained by dividing by t, j tn; 1.

15.4 Generalization

We shall also meet the following generalization of (15.2)
xqt) = f(x(t);1) (15.12)

in which the function f on the right hand side dependsnot only on t but
also on the unknown solution x(t). The analog of formula (15.3) now may
take the form

X(th) YaX(th; 1) + F (X(tn; 1);ta; 2)(tn i thi 1); (15.13)
or changing from t,,; ; to t, in the f -term and recalling (15.4),
X(tn) Yax(tn; 1) + £ (X(tn);tn)(tn i tnj 1); (15.14)

where as above, 0 = tg < t; < ¢¢C¢< t,; 1 < t, ¢¢¢< ty = 1is a sequence
of time instances.

Using (15.13), we may successiely determine approximations of x(tn)
for n = 1;2;::;N, assumingthat x(to) is a given initial value. If we use
instead (15.14), we obtain in ead step an algebraic equation to determine
x(tn) sincethe right hand side dependson x(t,).

In this way, solving the di®ererial equation (15.12) approximately for
0< t < 1isreducedto computing x(t,) for n = 1;:::;N, using the ex-
plicit formula (15.13) or solving the algebraic equation X, = X (tn; 1) +
f (Xn:;th)(th i ta; 1) in the unknown X,,.

A basic exampleis the di®ererial equation

xq(t) = x(t) fort> 0O; (15.15)

corresponding to choosing f (x(t);t) = x(t). In this case(15.13) takesthe
form

X(tn) Yax(tn; 1) + X(tn; 1)(th i thy 1) = L+ (th i thy 1))X(th; 1):

With (th i tn; 1) = Nl constart for n = 1;::;; N, we get the formula

X(tn) Ya(1+ Ni)x(tni 1) forn=1;::;N:
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Repeating this formula, we get x(t,) ¥% (1+ )1 + &)x(tn; 2), and soon,
which gives

x(1) Ya(1+ Ni)N x(0): (15.16)
In fact, there is an exact solution of the equation x%t) = x(t) fort > 0
satisfying x(0) = 1, denoted by x(t) = exp(t), which is the exponential
function. The formula (15.16) givesthe following approximate formula for

exp(1), whereexp(1l) = e is commonly referredto asthe baseof the natural
logarithm:

eva(l+ Ni)N: (15.17)

We give below valuesof (1 + +)N for di®erert N:

N 1+ N
1 2
2 2.25
3 2.37
4 2.4414
5 2.4883
6 2.5216
7 2.5465
10 2.5937
20 2.6533
100 2.7048
1000 2.7169
10000| 2.7181

The di®erenial equation xYt) = x(t) for t > 0, models the ewolution of
for example a population of bacteria which grows at a rate xq(t) equal to
the given amount of bacteria x(t) at ead time instant t. After ead one
time unit such a population has multiplied with the factor e ¥4 2:72.

15.5 Leibniz' Teen-AgeDream

A form of Calculus waservisioned by Leibniz already asateen-ager.Young
Leibniz usedto amuse himself with tables of the following form

4 | 516 |7
16 | 25| 36 | 49
719 (11|13
21222

n
n2

e
N W AN
N 01 ©| W

or
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exp(t)

FIGURE 15.4. Graph of exp(t): Exponertial growth.

n |12 3] 4 5

n®[1]8]27]64]| 125
1117|1937 61
16|12 18| 24
1|56 |6 6

The pattern is that belowv ead number, one puts the di®erenceof that

number and the number to its left. From this construction, it follows that

any number in the table is equal to the sum of all the numbersin the next

row below and to the left of the given number. For examplefor the squares
n? in the rst table we obtain the formula

n2=(@2nj 1)+ 2(nj 1)i 1)+ ¢+ (2¢2; 1)+ (2¢1; 1); (15.18)

which can also be written as

X
n+n=2Mn+ (nj 1)+ ¢¢+ 2+ 1)=2  k: (15.19)

k=1
This correspondsto the areaof the \triangular® domain in Fig. 15.5,where
ead term in the sum (the factor 2 included) correspondsto the areaof one

of the colonsof squares.
The formula (15.19) is an analog of the formula
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FIGURE 15.5.

n Rn

with x corresponding to n, y to k, dy to 1, and P k=1 10 . Note that
for n large the n-term in (15.19) is vanishing in comparisonwith n? in the
sumn? + n.

By dividing by n?, we can alsowrite (15.18) as

X
1=2 KEi }; (15.20)
nn n
k=1
which is an analog of
z 1
1=2 ydy

0

P R
with dy correspondingto %,y to £ and = [_, to 01. Note that the term

i % in (15.20) acts as a small error term that gets smaller with increasing
n

From the secondtable with n® we may similarly seethat

X0
n®=  (3k?j 3k+ 1); (15.21)
k=1

which is an analog of the formula
Z X
x3=  3y?dy
0

with x corresponding to n, y to k and dy = 1.
By dividing by n2, we can alsowrite (15.21) as

X k,1 1X k1
1= 3(2)%Zi = 3=+
n n n nn
k=0 k=0

1.
Fy
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which is an analog of Z
1

1= 3y?dy
0

with dy corresponding to %, y to X "

P R, i
5 aand _, to . Again, the error
terms that appear get smaller with increasingn.
Notice that repeated use of summation allows e.g. n® to be computed
starting with the constart di®erences and building the table from below.

15.6 Summary

We may think of Calculus as the scienceof solving di®ererial equations.
With a similar sweeping statemert, we may view Linear Algebra as the
scienceof solving systemsof algebraic equations. We may thus preser the
basic subjects of our study of Linear Algebra and Calculus in the form of
the following two problems:

Find x such that f (x) = 0 (algebraic equation) (15.22)

wheref (x) is a given function of x, and

Find x(t) such that x%(t) = f (x(t);t)
fort 2 (0;1]; x(0) = 0; (di®erertial equation) (15.23)

where f (x; t) is a given function of x and t. Keeping this crude descrip-
tion in mind when following this book may help to organize the jungle
of mathematical notation and techniques inherert to Linear Algebra and
Calculus.

We take a constructive approac to the problem of solving equations,
where we seekalgorithms through which solutions may be determined or
computed with more or lesswork. Algorithms are like recipes for nding
solutions in a step by step manner. In the processof constructively solving
equations one needsnumkers of di®erert kinds, such as natural numters,
integers rational numkbers. One alsoneedsthe conceptof real numkers, real
variable, real-valuad function, sequen@ of numkbers, convergene, Cauchy
segjuene and Lipschitz continuous function.

These conceptsare supposedto be our humble senants and not terror-
izing masters, asis often the casein mathematics education. To reach this
position we will seekto de-mystify the conceptsby using the constructive
approac asmuch as possible.We will thus seekto look behind the curtain
on the theater sceneof mathematics, where often very impressive looking
phenomenaand tricks are preserted by math teachers, and we will seethat
as students we can very well make these standard tricks ourseles, and in
fact come up with somenew tricks of our own which may even be better
than the old ones.
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15.7 Leibniz: Invertor of Calculusand Universal
Genius

Gottfried Wilhelm von Leibniz (1646-1716)is maybe the most versatile
sciertist, mathematician and philosopher all times. Newton and Leibniz
independertly developed di®erert formulations of Calculus; Leibniz nota-
tion and formalism quickly becamepopular and is the one usedstill today
and which we will meet below.

FIGURE 15.6. Leibniz, Inventor of Calculus: \Theoria cum praxis". \When | set
myself to re°ect on the Union of Soul with the Body, | seemedto be cast back
again into the opensea.For | could nd no way of explaining how the Body causes
something to happen in the Soul, or vice versa.....Thus there remains only my
hypothesis, that is to say the way of the pre-establishel harmony{pre-established,

that is by a Divine anticipatory arti ce, which is so formed ead of thesessub-
stances from the beginning, that in merely following its own laws, which it re-
ceived with its being, it is yet in accord with the other, just asif they mutually

in°uenced one another, or asif, over and above his general concourse, God were
for ever putting in his hands to set them right."
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Leibniz boldly tackled the basicproblem in Physics/Philosophy/Psychology
of Body and Soul in his treatise A New System of Nature and the Com-
munication of Substanes as well as the Union Existing between the Soul
and the Body from 1695.In this work Leibniz preseried his theory of Pre-
establishe Harmony of Soul and Body; In the related Monadolagy he de-
scribesthe World as consisting of somekind of elementary particles in the
form of monads ead of which with a blurred incomplete perception of
the rest of the World and thus in possessiorof somekind of primitiv e soul.
The modern variant of Monadologyis Quantum Mechanics one of the most
spectacular scierti ¢ achievemerts of the 20th certury.

Here is a description of Leibniz from Encyclopedia Britannica: \Leibniz
was a man of medium height with a stoop, broad-shoulderedbut bandy-
legged,ascapableof thinking for seweral days sitting in the samechair as of
travelling the roads of Europe summerand winter. He was an indefatigable
worker, a universal letter writer (he had more than 600 corresponderts), a
patriot and cosmoplitan, a great sciertist, and one of the most powerful
spirits of Western civilization".






16
The SolarSystem

There is talk of a new astrologer who wants to prove that the earth
moves and goes around instead of the sky, the sun, the moon, just
asif somebody were moving in a carriage or ship might hold that he
was sitting still and at rest while the earth and the trees walked and
moved. But that is how things are nowadays: when a man wishesto
be clever he must needsinvent something special, and the way he
doesit must needsbe the best! The fool wants to turn the whole art
of astronomy upside-down. However, as Holy Scripture tells us, so
did Joshua bid the sun to stand still and not the earth.

(Sixteenth certury reformist M. Luther in his table book Tischreden,
in responseto Copernicus' pamphlet Commentariolus, 1514.)

16.1 Introduction

The problem of mathematical modeling of our solar systemincluding the
Sun, the nine planets Verus, Mercury, Tellus (the Earth), Mars, Jupiter,
Saturn, Uranus, Neptune and Pluto together with a large number of moons
and asteroidsand occasionalcomets,hasbeenof prime concernfor human-
ity sincethe dawn of culture. The ultimate challenge concernsmathemat-
ical modeling of the Universe consisting of billions of galaxies eat one
consisting of billions of stars, one of them being our own Sun situated in
the outskirts of the Milky Way galaxy.

According to the geocentric view preseried by Aristotle (384-322BC) in
The Heavensand further dewveloped by Ptolemy (87-150AD) in The Great
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Systemdominating the sceneover 1800years,the Earth is the certer of the
Universewith the Sun, the Moon, the other planets and the stars moving
around the Earth in a complex pattern of circles upon circles (so-called
epicycles).Copernicus (1473{1543) changedthe view in De Revolutionibus
and placedthe Sunin the certer in a new heliocentric theory, but kept the
complex system of epicycles(now enlarged to a very complex system of
80 circles upon circles). JohannesKepler (1572{1630) discovered, basedon
the extensive accurate obsenations made by the Swedish/Danish sciertist
Tycho Brahe (1546{1601), that the planets move in elliptic orbits with
the Sun in one of the foci following Kepler's laws which represerted an
enormous simpli cation and scierti ¢ rationalization as compared to the
system of epicycles.

In fact, already Aristarc hus (310-230BC) of Samosunderstood that the
Earth rotates around its axis and thus could explain the (apparen) motion
of the stars, but these views were rejected by Aristotle arguing as follows:
if the Earth is rotating, how is it that an object thrown upwards falls on
the sameplace? How come this rotation does not generatea very strong
wind? No one until Copernicus could question theseargumerts. Can you?

Newton (1642{1727) then cleaned up the theory by shawing that the
motion of the planets could be explained from one single hypothesis: the
inverse square law of gravitation. In particular, Newton derived Kepler's
laws for the two-body problemwith one (small) planet in an elliptic orbit
around a (large) sun. Leibniz criticized Newton for not giving any expla-
nation of the inverse square law, which Leibniz believed could be derived
from somebasicfact, beyond oneof \m utual love" which wasquite popular.
A sort of explanation was given by Einstein (1879{1955) in his theory of
General Relativity with gravitation arising as a consequencef space-time
being\curv ed" by the presenceof mass.Einstein revolutionized cosmolay,
the theory of the Universe,but relativistic e®ectsonly add small corrections
to Newton's model for our solar system basedon the inverse square law.
Einstein gave no explanation why space-timegets curved by mass,and still
today there is no cornvincing theory of gravitation with its mystical feature
of \action at a distance" through somemecanism yet to be discovered.

Despite the lack of a physical explanation of the inverse square law,
Newton's theory gave an enormousboost to mathematical sciencesand a
corresponding kick to the egosof sciertists: if the human mind was capable
of (so easily and de nitely) understanding the secretsof the solar system,
then there could be no limits to the possibilities of sciertic progress...

16.2 Newton's Equation

The basis of celestial mechanicsis Newton's secondlaw,

F = m ¢a; (16.1)
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FIGURE 16.1. Tycho Brahe: \I believe that the Sun and the Moon orbit around
the Earth but that the other planets orbit around the Sun."

* TanviATT orBIVMPLANE TARVM DIMENSIONES, ET DISTANTIAS PER
: VEAKIA CORPORA iy

FIGURE 16.2.JohannesKepler:\I believethat the planets are separatedby invis-
ible regular polyhedra: tetrahedron, cube, octahedron, dodekahedron and ikosa-
hedron, and further that the planets including the Earth move in elliptical orbits
around the Sun."



92 16. The Solar System

expressingthat a force F results in an accelerationof sizea for a body of
massm, together with the expressionfor the gravitational force given by

the inversesquarelaw:
mmg,

rz '’

F=G (16.2)
where G ¥ 6:67 ¢10 1!Nm2=kg? is the gravitational constant, m, is the
massof the attracting body and r is the distanceto the attracting body.

Together (16.1) and (16.2) give a system of Ordinary Di®erertial Equa-
tions (ODEs) for the ewlution of the solar system, which take the form
u = f (u), wherethe dot indicates di®ereriation with respect to time, u(t)
is a vector containing all the positions and velocities of the bodiesand f (u)
is a given vector function of u. If we know the initial positions and velocities
for all bodiesin the solar system,we can nd their positions and velocities
at a later time by solving the system of di®erertial equationsu = f (u) by
time-stepping. We discussthis in more detail below in Section 16.4. As a
preparation, we rewrite (16.1) and (16.2) in dimensionlessform, which will
be corveniert. The three fundamertal units appearing in the equationsare
those of space, time and mass which are represenied by the variablesx (or
r), t and m. We now intro duce new dimensionlessvariables, x° = x=AU,
t°= t=yearand m°= m=M, where 1 AU is the meandistance from the Sun
to Earth and M is the massof the Sun. We can usethe chain rule to obtain
the dimensionlessacceleration, a®= & &:x0= ;4 ddy-py = Y28 g
Combining (16.1) and (16.2) using our new dimensionlessrariables, we then
obtain

AU , . mM™ ¢mIM

a'= ; 16.3
year? r@eAU? (16.3)
or o
m
al= Gor—é‘; (16.4)
where the new gravitational constart G°is given by
G tyearM
Go= =¥V (16.5)
AU

Weleave it asan exerciseto shaw that with suitable de nitions of the units
year and AU, the new dimensionlessgravitational constart G°is given by

GO= 4v%: (16.6)

16.3 Einstein's Equation

In generalrelativit y the basic conceptis not force, asin Newtonian theory,
but instead the curvature of space-time. Einstein explains the motion of
the planets in our solar system in the following way: the planets move
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through space-timealong straight lines, geodesics which appear ascircular
(or elliptical) orbits only becausespace-timeis curved by the large massof
the Sun. We shall now try to give an idea of how this works.

The curvature of space-timeis given by its metric. A metric de nes the
distance betweentwo nearby points in space-time.In Euclidean geometry
that we have studied extensiwely in this book, the distance between two
points x = (X1;X2;X3) and y = (y1;Y2;Y3) is given by the squareroot of
the scalar product dx ¢dx, wheredx is the di®erencedx = x i y. With the
notation ds= jx j yj we thus have

p
ds=dx¢dx = dx? : (16.7)

or
ds? = dxZ: (16.8)

i=1
In the notation of generalrelativit y, the Euclidean metric is then given by
the matrix (tensor)

2 3
100
g=40 1 05; (16.9)
001
as
ds? = dx' g dx: (16.10)

In space-timewe include time t as a fourth coordinate and every evert in
space-timeis given by a vector (t; X1;X2;X3). In °at or Minkowski space-
time in the absenceof massesthe curvature is zeroand the metric is given
by 2 3

|

o= §

O, OO

0
8 Z; (16.11)
1

OOOl_\
[ecNeN e}

which gives
ds? = j dt® + dx3 + dx3 + dx3: (16.12)
In the presenceof masseswe obtain a di®erert metric which doesnot even
have to be diagonal.
From the metric gonecan nd the straight lines of space-time,which give
the orbits of the planets. The metric itself is determined by the distribution
of massin space-time,and is given by the solution of Einstein's equation,

1
Rij i 5Rgy = 8/ ; (16.13)

where (R ) is the so-calledRicci-tensor, R is the so-calledsalar curvature
and (T; ) is the so-called stress-enegy tensor. Now (R; ) and R depend
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on derivatives of the metric g = (gj ) so (16.13) is a partial di®erenial
equation for the metric g.

The solution for the orbits of the planets obtained from Einstein's equa-
tion are a little di®erent than the solution obtained from (16.4) given by
Newton. Although the di®erenceis small, it has beenveried in obser-
vations of the orbit of the planet Mercury which is the planet closestto
the Sun. We will not include these\relativistic e®ects"in the next section
where we move on to the computation of the ewlution of the solar system.

16.4 The Solar Systemasa Systemof ODEs

We now rewrite the second-ordersystemof ODEs given by (16.4) asa rst
order system of the form u = f (u). We start by introducing coordinates
X' (t) = (x}(t); x5(t); x5(t)) for all bodiesin the solar system, including the
nine planets, then Sun and the Moon. This givesatotal of n= 9+ 2= 11
bodiesand a total of 3n = 33 coordinates. To rewrite the equationsasthe
“rst-order systemu = f we needto include alsothe velocities of all bodies,
X' (t) = (X} (t); xh(t); x5(1)), giving a total of N = 6n = 66 coordinates. We
collect all these coordinates in the vector u(t) of length N in the following
order:

(16.14)

sothat the rst half of the vector u(t) contains the positions of all bodies
and the secondhalf contains the corresponding velocities.

To obtain the di®erertial equation for u(t), we take the time-derivative
and notice that the derivative of the “rst half of u(t) is equalto the second
half of u(t):

Ui(t) = Usn+i(t); 0= 1500053 (16.15)

i.e. for n = 11 we have u;(t) = x3(t) = us4(t) and soon.

The derivative of the secondhalf of u(t) will corntain the secondderiva-
tivesof the positions, i.e. the accelerations,and these are given by (16.4).
Now (16.4) is written as a scalar equation and we have to rewrite it in
vector form. For every body in the solar system, we needto compute the
cortribution to the total force on the body by summing the cortributions
from all other bodies. Assuming that we work in dimensionlessvariables
(but writing x instead of x% m; instead of m? and so on for corvenience)
we then needto compute the sum:

h= &M xix.
jo i X2 X

(16.16)
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FIGURE 16.3. The total force on body i is the sum of the contributions from all
other bodies.

where the unit vector J)X(jiiij gives the direction of the force, seeFigure
16.3.

Our nal di®erertial equation for the evolution of the solar systemin the
form u = f is then given by

Ugn+1 (t)
Un.(t)
un =t =g P NN 2 (16.17)

xVi xTj2 jxi x'j
P_ G'm;  xki x§
&N jxij x"jZ jxij x"j

where we have kept the notation x! = (x};x3;x3) rather than (uy;uy; us)
and soon in the right-hand side for simplicity. The ewlution of our solar
system can now be computed using the techniques of time-stepping pre-
serted in e.g. Body&Soul. We may usethe initial data supplied in Table
16.1.

16.5 Predictability and Computability

Two important questions that arise naturally when we study numerical
solutions of the ewlution of our solar system, such as the one in Figure
16.4, are the questionsof predictability and computability.
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Position Velocity Mass
i 0:147853935 7:733816715
§| x'(0)= | 0:400627944 | x'(0) = | 2:014137426 1:0=6023600
: i 0:198916163 i 1:877564183
i i 0:725771746 0:189682646
: | x3(0)= { 0:039677000 | x?(0) = | 6:762413869 | 1:0=4085235
z 0:027897127 i 3:054194695
i 0:175679599 i 6:292645274
g | x3(0) = 0:886201933 x3(0) = j 1:010423954 | 1:0=3289005
. 0:384435698 i 0:438086386
1:383219717 0:275092348
2 | x*©) = i 0:008134314 x*(0) = 5:042903370 1:0=3098710
= i 0:041033184 2:305658434
3:996313003 i 1:664796930
5| x°(0)= 2731004338 x°(0) = 2:146870503 1:0=1047:355
3 1:073280866 0:960782651
6:401404019 i 1:565320566
| x%0)= 6:170259699 x5(0) =  1:286649577 1:0=34985
@ 2:273032684 0:598747577
i 14:423408013 0:980209400
< | X’(0) = | 12510136707 | x'(0) = 0:896663122 1:0=22869
> i 5:683124574 0:378850106
. 16:803677095 0:944045755
5| x80) = j 22983473914 | x%(0) = 0:606863295 1:0=19314
2 i 9:825609566 0:224889959
i 9:884656563 1:108139341
2| x°(0) = | 27:981265594 | x°(0) = j 0:414389073 | 1:0=150000000
i 5:753969974 i 0:463196118
i 0:007141917 0:001962209
< | x¥°(0) = j 0:002638933 | x'°(0) =  0:002469700 1
? i 0:000919462 i 0:001108260
i 0:177802714 i 6:164023246
5| x1(0) = 0:884620944 | x*(0) = i 1:164502534 | 1:0=2:674¢10
= 0:384016593 i 0:506131880

TABLE 16.1. Initial data for the solar system at 00.00 Universal Time (UT1,
approximately GMT) January 1 2000 for dimensionless positions and veloci-
ties scaled with units 1 AU = 1:49597870¢10' m (one astronomical unit),
1 year= 36524 days and M = 1:989¢10%° kg (one solar mass).
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FIGURE 16.4. A numerical computation of the evolution of the solar system,
including Earth, the Sun and the Moon.

The predictabilit y of the solar systemis the question of the accuracy of
a computation given the accuracy in initial data. If initial data is known
with an accuracyof say v e digits, and the numerical computation is exact,
how long doesit take until the solution is no longer accurate even to one
digit?

The computability of the solar systemis the question of the accuracyin a
numerical solution given exact initial data, i.e. how far we can compute an
accurate solution with available resourcessuc as method, computational
power and time.

Both the predictabilit y and the computability are determined by the rate
errorsgrow. Luckily, errorsdo not grow exponertially in the caseof the solar
system.If weimaginethat wedisplaceEarth slightly from its orbit and start
a computation, the orbit and velocity of Earth will be slightly di®eren,
resulting in an error that grows linearly with time. This meansthat the
predictability of the solar systemis quite good, since every extra digit of
accuracy in initial data meansthat the limit of predictability is increased
by a factor ten. If now the solution is computed using a computational
time-stepping method, this will result in additional errors. We can think of
the error from computation asa small perturbation introducedwith every
newtime step. Adding the cortributions from all time stepswe may expect
that the computational error typically grows quadmtically in time.

As it turns out however, for somecomputational methods the error grows
only linearly: This is the casefor the so called cortin uous Galerkin method
with degreel piecewisepolynomial approximation cG(1), asshaown in Fig-
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cG(1) dG(1)

e(t)

x10° dc(2)

0 10 20 30 40 50 0 10 20 30 40 50
t t
FIGURE 16.5. The growth of the numerical error in simulations of the solar
system using di®erert numerical methods. The two methods on the left consene
energy, which results in linear rather than quadratic error growth.

ure 16.5. This pleasart surprise is the result of an important property of
the cG(1) method: it consenesenergy As a result, the cG(1) method per-
forms better on a long time interval than the higher-order (more accurate)
discortin uous Galerkin method dG(2) method.

16.6 Adaptive Time-Stepping

If we compute the ewolution of the solar system using the adaptive cG(1)
method, we nd that the time stepsneedto be small enoughto follow the
orbit of the Moon (or Mercury if we do not include the Moon). This is
inexcient sincethe time scalesfor the other bodies are much larger: the
period of the Moon is onemonth and the period of Pluto is 250years,and so
the time stepsfor Pluto should beroughly a factor 3,000larger that the time
stepsfor the Moon. It hasbeenshawn recertly that the standard methods
¢G(q), including cG(1), and dG(qg) can be extended to individual, multi-
adaptive time-stepping for di®erent componerts. In Figure 16.6 we show
a computation made with individual time steps for the di®erer planets.
Notice how the error grows quadratically, indicating that the method does
not consene energy (It is possibleto construct alsomulti-adaptiv e methods
which consene energy)
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’

FIGURE 16.6. A computation of the evolution of the Solar System with individ-
ual, multi-adaptiv e, time steps for the di®eren planets.

16.7 Limits of Computability and Predictability

Using the multi-adaptiv e cG(2) method, it appearsthat the limit of com-
putabilit y of the solar system (with the Moon and the nine planets) using
double precision, is of the order 10° years. Concerning the predictabilit y
of the samesystem it appearsthat for every digit beyond 5 in the preci-
sion of data we gain a factor of ten in time, sothat for example predicting
the position of the Moon 1000 years ahead would require about 8 correct
digits in e.g. the initial positions and velocities, massesand gravitational
constart. We concludethat it appearsthat normally the precisionin data
would set the limit for accurate simulations of the ewolution of the solar
system, if we usea high order multi-adaptiv e solver.
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Turbulenceandthe Clay Prize

| still remember his lectures. He was a mild-mannered, dapper man
with a grey moustache, who squinted at his audience and lost it
rather quickly. (lvar Ekeland on Jean Leray 1906-1998)

Is it by accidert that the deepest insight into turbulence came from
Andrei Kolmogorov, a mathematician with a keeninterest in the real
world? (Uriel Frisch 1940-)

Since we don't even know whether these solutions exist, our under-
standing is at a very primitiv e level. Standard methods from PDE
appear inadequate to settle the problem. Instead, we probably need
somedeep, new ideas. (oxcal Clay prize problem formulation)

A child, however, who had no important job and could only see
things as his eyes showed them to him, went up to the carriage.
"The Emperor is naked," he said. "Fool!" his father reprimanded,
running after him. "Don't talk nonsense!"He grabbed his child and
took him away. (HC Andersen 1805{1875)

17.1 The Clay Institute $1 Million Prize

We now return to the discussionof turbulence and the Navier{Stok esequa-
tions from the chapter On the ReasonableE®ectivenessof Computational
Mathematics. This connectsto the sewen Clay Mathematics Institute $1
million prize problems, one of which concernsthe existen®, uniqueness
and regularity of solutions to the Navier{Stok es equations for incompress-
ible °uid °ow.
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The Clay Institute prize problemswere preseried at the 2000Millennium
shift, as a re°ection of the 23 problems formulated by the famous mathe-
matician Hilbert at the secondinternational Congressof Mathematicians
in 1900in Paris.

The prize problems are formulated to represen open problems of math-
ematicstoday of fundamenal importance. By studying the formulations of
these problemswe may learn something about the dominating view within
mathematics today.

We now focus on the formulation of the Navier{Stok es problem, which
asksfor a mathematical analytical proof of (i) existenceand (ii) regularity
or smoothness, as given by the famous mathematician Charles Fe®erman
(1949), the winner of the Fields Medal 1978 (the Nobel Prize of mathe-
matics). In this formulation of the problem, the uniquenesswould follow
from the regularity, and thus we may say that the uniquenessis also con-
tained in the formulation of the problem. Regularity would meanthat the
solution could be di®ereriiated many times, even if the derivativesbecome
very large.

As a starting point one may take the only result available in this di-
rection, which is a proof by the mathematician Jean Leray from 1934 of
existene of so-calledweak solutions, or turbulent solutions in the termi-
nology used by Leray, where a weak solution satis es the Navier{Stokes
equationsin an averagesenseThus, proving that weak solutions are unique
and smooth, would give the $1 million prize. But nobody hasbeenable to
comeup with such a proof, and the progresssinceLeray seemsto be very
small.

FIGURE 17.1. Claude Louis Marie Henri Navier (1785{1836), George Gabiriel
Stokes (1819{1903), Sim§on Denis Poisson (1781{1840), and Adh®mar Jean
Claude Barr$ de Saint-Venarnt (1797{1886), who discovered the Navier{Stok es
equations 1821{45.

What is now very intriguing is that the prize problem formulation seems
to be basedon a confusion. At least this is the impression one may get
after a study of the problem using computational mathematics, or maybe
it is our own view which is confused?To try to cometo a conclusion, let's
take a closerlook at the formulation of the Clay prize problem.
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We know that Leray in 1934 proved the existence of what he called a
weak solution or a turbulent solution. Of course,Leray was well aware of
obsenations of turbulent °ow in nature, with aturbulent °ow being quickly

°uctuating in spaceand time in a seeminglychaotic way. Leray knew from

the experiments of the famous sciertist Osborne Reynolds from the 1880s
that turbulent °ow occursif the so called Reynoldsnumber Re of the ow
is large enough, where Re = YL with U a characteristic “ow velocity, L

a characteristic length scale,and © > 0 the visoosity of the °uid. If Re
is relatively small (Re - 10; 100), then the °ow is viscousand the °ow
“eld is ordered and smooth or laminar, while for larger Re, the °ow will

at least partly be turbulent with time-dependert non-ordered features on
a range of length scalesdown to a smallest scale(which may be estimated
to be of size Rel 374, assumingL = 1). If Re = 10°, which is common
in industrial applications, then the smallest vortex of the “ow could be of
size10 4| 10 5 if the length scaleL = 1, thus of the size of a fraction

of a millimeter if the overall diameter of the °uid volume is one meter. A

turbulent °ow thus could show a very complexinteraction of vortices on a
large range of di®eren scales.

The Reynolds number of the °ow of air around our car travelling at 90
km/h (¥ 60 mph) is about 10°, and the °ow of air is partly turbulent, in
particular in the large wake attaching to the rear of the car, where the air
is rapidly °uctuating and is seemingly chaotic. We can easily obsene this
wake on the highway in the caseof light rain or mist whenthe °ow pattern
becomesvisible.

We can also obserwe turbulent °ow, for example,in a river in the wake
behind a stone, which was systematically studied already by Leonardo da
Vinci (1452{1519). Although Leonardo did not have accesdo calculus, he
skillfully captured many essetial featuresof turbulent °ow in his sketches.

We may expect a laminar °ow to be determined pointwisein space-time,
while in a turbulent °ow, becauseof its rapid °uctuations, we can only ex-
pect various meanvaluesto be uniquely determined. In many applications
of scierti ¢ and industrial importance Re is very large, of the order 10° or
larger, and the °ow shaws a combination of laminar and turbulent features.

Now, believing that the Navier{Stok esequationsdescribesnature, Leray
of courseexpectedthe Navier{Stok esequationsto have turbulent solutions
in the caseof large Reynolds numbers, and with this perspective it was
natural for him to call his weaksolutions alsoturbulent solutions. But Leray
did not prove uniqueness,and presumably he did not even try, becauseof
the seeminglychaotic nature of a turbulent °ow, uniquenesswould seemto
be out of the question. At leastif we talk about uniqguenessn the pointwise
sensein spaceand time: sincethe turbulent solution is rapidly °uctuating
in a seemingly chaotic fashion, it would be impossibleto speak about (or
measure)the exact value of the velocity of °uid particles at a speci ¢ point
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in spaceand time. But of courseLeray may have expected that certain
mean valuesin spaceand time could be more well determined (or uniquely
determined), but he could not prove any suc result.

FIGURE 17.2. Left: Jean Leray (1906{98) proved existence of weak solutions,
JacquesSalomon Hadamard (1865{1963) rst studied well-posednessof di®eren-
tial equations. Right: Leonardo da Vinci (1452{1519) sketch of turbulent wakes.

17.3 Well-Posednes#\ccording to Hadamard

The general question of uniquenessdirectly couplesto a question about
well-posalness of a set of di®ereriial equations, as rst studied by the
French mathematician JacquesSalomonHadamard (1865{1963). A set of
partial di®ererial equations (like the Navier{Stok es equations) would be
well-posal if small variations in data (like initial data) would result in
small variations of the solution (at a later time). Hadamard stated that
only well-posed mathematical models could be meaningful: if very small
changesin data could causelarge changesin the solution, it would clearly
be impossible to reach the basic requiremert in scienceof reproducible
results.

The question of well-posednessnay alternativ ely be viewed asa question
of sensitivity to perturbations. A problemwith very strong sensitivity to per-
turbations would not be well-posedin the Hadamard sense Now Hadamard
proved the well-posednesf somebasic partial di®erertial equations like
the Poissonequation, but he did not state any result for the Navier{Stok es
equations.

Of course, believing that solutions to the Navier{Stok es equations may
be turbulent, and observing the seemingly chaotic nature of turbulence,
we could not expect the Navier{Stokes equations to be well-posedin a
pointwise sensewe would expect to seea very strong pointwise sensitivity
to small perturbations. But, of courseit would be natural to askif certain
mean values may be less sensitive, so that the Navier{Stok es equations
would be well-posedin the senseof such mean values.
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We now return to the formulation of the Clay prize problem. Sincethe for-
mulation asksfor uniquenessand smoothness,it would seemthat possible
turbulent solutions are not considered,becauseturbulent solutions cannot
be expectedto be neither pointwise unique in space-time,nor smooth since
they are sorapidly °uctuating. It would rather seemasif only laminar so-
lutions are considered.Thus, this formulation would make sensen the case
of relatively small Reynolds numbers, but not in the caseof large Reynolds
numbers.

Now, how could it be possibleto make suth an elemenary mistake?
Or is not a mistake? Is it so that one may insist that also a turbulent
solution, in principle, would be pointwise uniquely determined and alsoin
principle smooth, if yet with very large derivatives?Yes,it appearsthat this
could be the view underlying the formulation of the Clay prize problem. In
particular, it appearsthat insisting on the uniguenessin principle, could
allow a very strong sensitivity to perturbations.

In fact, it is easyto cometo this conclusionby the fact that the unique-
nessis not explicitly included in the formulation of the problem. This is
presumably due to the fact that it is very easyto formally obtain unique-
nessif it is known that the rst derivativesof the velocity are bounded: if
the bound is K one obtains, using a simple so-called GrAnwall estimate,
that the e®ectof an initial perturbation of size + after a time T could be
eX T+ If Re= 1(P, then we expectthat K = 10%, and thuswith T = 10the
amplication of the initial perturbation would be a factor €1 which is
much larger than 10'%°, which is an incredibly large number, also referred
to as a gaogol. But with sudh a strong sensitivity, anything could result
from virtually nothing, and the sciertic meaning would seemto be lost.

So, we come to the conclusion that the formulation of the Clay prize
problem would insist that also a turbulent solution could be viewed as a
unigue and smooth solution, more precisely as a solution with very large
derivativesand an incredibly strong pointwise sensitivity to perturbations.
But sudh a view on uniquenesswould seemto be against the idea of well-
posednesdy Hadamard as a requiremert of science.When we discussthis
point with a leading mathematical expert on the Navier{Stok esequations,
supporting the view of the Clay problem formulation, we get the message
that scienceis one thing, and mathematics something di®eren: in science
an ampli cation factor of a googol would be way too large for any kind of
uniguenessBut it appearsthat in mathematicsit would be acceptablein a
proof of uniqueness.But is this point of view reasonableand constructive,
or the opposite?

We now addressthe question of uniquenessusing computational math-
ematics. It is then natural to formulate the basic question in quarntitativ e
terms as follows for a given °ow situation: What quartity of interest or
output can be computed to what tolerance to what cost?
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We consider the problem of computing the drag of a blu® body, which
could be the force our car meetsfrom the surrounding air at a speedof 90
km/h (¥a 60 mph), which directly would couple to the fuel consumption.
We could then seekto compute the drag D (t) at a speci ¢ time t, or the
mean value of D(t) over sometime interval. The cp -coexcient of our car
is such a mean value over very long time. So our quantities of interest or
outputs may be the momerntary value of the drag D(t) at a given speci ¢
time t and the mean value of D (t) over di®eren time intervals.

We shaw that we may reliably compute the long-time meanvalue cp on
a PC within hours up to a tolerance of a few percert. We alsodemonstrate
an increasingdizxcult y of computing D (t) over shorter time intervals, and
in particular that the momertary value at a given time instant appearsto
be uncomputable, becauseD (t) is rapidly °uctuating in time with a total
variation of about 30%. Moreover, eat record of the variation in time of
D(t) seemsdi®eren, and it thus appearsimpossibleto assigna speci c
value of D(t) to a particular time instant t. Just asit appearsimpossible
to assigna speci ¢ weather and temperature to London at July 1st each
year. While to speak of a typical meanvalue temperature over the month of
July, would seemperfectly possible.In fact, guide books often supply such
data, while they (wisely) avoid to give predictions of speci ¢ temperatures
on e.g.July 1st.

We could then phrase theseresults in terms of output uniqueness/non-
uniguenessof weak solutions. Of course, if we consider pointwise out-
puts also in space(the drag D(t) is a mean value in spaceof pointwise
forces), then the non-uniqguenessmay be expected to becomeeven more
pronounced.

The reader who does not want details could stop here, with the main
conclusionsfrom our computations being made: certain meanvalue outputs
are unigue/computable, while pointwise valuesin space-timeare not.

For the reader who wants more substance,we now preseri some more
detailed information on the computations.

17.5 A Computational Approach to the Problem

Let us now follow a line of thought that Leray may have taken today, with

computational methods for solving the Navier{Stok es equations available.
The weak solution of Leray would then be a computed solution obtained
by using a computational method such as the "nite element methad. In
fact, using the "nite elemen method we seeka kind of approximate weak
solution in the form of a piecewisepolynomial (e.g. piecewiselinear func-
tion) on a subdivision (mesh) of space-time. Since we can compute nite

elemer solutions, we are not surprisedto seethe existenceof approximate
solutions, and the pertinent question then becomesuniqueness.Since the
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computed solution is (partly) turbulent it will look chaotic, and thus we
cannot expect to seepointwise corvergenceas we re ne the mesh, and in
fact in computations we don't seeit. The pertinent question then is the
same:what mean valuesin space-timecan we compute reliably?

Using a computational approac we may study the question of existence
and uniquenessfor a set of speci ¢ caseswith given data, which may be
represenativ e for a wider selection of data, but we will not be able to
give one answer for all possibledata, asthe ideal analytical mathematical
proof would give. We are thus restricted to a caseby casestudy, and a
reformulation of the prize problem as a set of 10° prizes eath of $1C°,
would seemmore natural.

Below we shall give also computational evidenceof the existenceof tur-
bulent solutions. Soevenif we cannot analytically construct turbulent solu-
tions to the Navier{Stok esequations, we can obsene turbulent °ow in real
life and we can also compute approximate solutions which are turbulent.
Of courseit is natural to expect that the computed solutions approximate
the weak (turbulent) solutions proved to exist by Leray.

We now focuson °ows at moderate to large Reynoldsnumbers, wherewe
thus expect to meet both laminar and turbulent °ow features. Normalizing
the °ow velocity U and the length scaleL both to one, we thus focus on
°ows with small viscosity ©, say typically © - 10 6.

As already indicated, in the caseof turbulent °ow it is natural to seek
to compute, instead of pointwise quartities somemore or lesslocal mean
valuesin space-time.More precisely we chooseas a quantity of interest to
compute or output, a certain mean value. In the caseof the car it may be
a mean value in time of the total drag force D(t) at time t acting on the
car in the direction opposite to the motion of the car. The consumption of
fuel of a car is directly related to the meanvalue in time of the drag force
D (t), which suitably normalized is referred to asthe cp -coetcient, or drag
coexcient. Somecar manufacturers like to presen the ¢, of a certain car
asan indication of fuel econony (for examplecp < 0:3). For a jumbo-jet a
decreasdn drag with one percert could save $400million in fuel cost over
a 25 year life span.

Sowe may ask, for example, if the cp of a car would be uniquely deter-
mined? Or in the setting of weak solutions: Will two weak solutions give
the same cp ? The corresponding normalized mean value in time of the
total force perpendicular to the direction of motion is referred as the lift
coexcient ¢, which is crucial for °ying vehicles(or sailing boats and also
very fast cars).

We will approad this type of problem by computational methods, and
it is then natural to rephrasethe problem as a problem of computability.
We then specify an output, an error tolerance TOL, a certain amourt
of computational work W (or computational cost), and we ask if we can
compute the output up to the tolerance TOL with the available work W.
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For example,we may ask if we can compute the cp coezcient of a speci ¢
car up to a tolerance of 5% on our PC within 1 hour?

More generally we proposethe following formulation of the Clay prize
problem:

2 (PC) For a given °ow, what output can be computed to what toler-
anceto what cost?

We may view (PC) asa computational versionof the question of unique-
nessof a weak solution of the form:

2 (PWO) Is the output of a weak solution unique?

(PWO) can alternativ ely be phrased as a question of well-posednessn a
weak sense.We refer to (PWO) as a question of weak uniquenesswith
respect to a given output. Below we will approac the questions of weak
uniguenessof the mean value cp and the momertary value D(t) of the
drag force. Of course,(PWO) couplesto the concept observablequantities
of basicrelevancein physic. It may seemthat only uniquenessof obsenable
guarntities could be the subject of scierti ¢ investigation. This couplesto
guestionsof classicalvs quantum medanics, e.g.the questionif an electron
can be located at a speci ¢ point in time and space.

We will now address (PC) using the technique of adaptive nite ele-
ment methods with a posteriori error estimation. The a posteriori error
estimate results from an error representation expressingthe output error
as a space-timeintegral of the residual of a computed solution multiplied
by weights which relate to derivativesof the solution of an assaiated dual
problem The weights expresssensitivity of a certain output with respect
to the residual of a computed solution, and their size determine the de-
gree of computability of a certain output: The larger the weights are, the
smaller the residual has to be and the more work is required. In general
the weights increaseasthe size of the meanvalue in the output decreases,
indicating increasingcomputational costfor more local quartities. We give
computational evidencein a blu® body problem that a meanvalue in time
of the drag (the ¢p ) is computableto a reasonabletoleranceat a reasonable
computational cost, while the value of the drag at a speci ¢ point in time
appearsto be uncomputable even at a very high computational cost.

We can rephrasethis result for (PC) asthe following result for (PW O):
Two weak solutions of a blu® body problem give the samecp . At least we
have then given computational evidenceof a certain output uniquenessof
weak solutions.

As a generalremark on approximate solutions obtained using the "nite
elemert method, we recall that a nite elemert solution is setup to be an
approximate weak solution, and thus there is a strong connection between
“nite elemen solutions and weak solutions.

Leray's proof of existenceof weak solutions is basedon a basic energy
estimate for approximate solutions of the Navier{Stok es equations, which
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could be "nite elemen solutions. Using the basic energy estimate one may
extract a weakly convergert subsequenceof approximate solutions as the
mesh size tends to zero, and this way obtain a proof of existence of a
weak solution. Even if the nite elemer solution on ead given meshis
unique, a weak limit of a sequenceof nite elemen solutions does not
have to be unique, and thus the Leray solution is not necessarilyunique.
Of course,with this perspective the questions (PWO) and (PC) become
closely coupled: (PWO) is closeto the question of output uniquenessof a
weak limit of a sequenceof nite elemer solutions, which is closeto the
output computability (PC).

17.6 The Navier{StokesEquations

The Navier{Stok esequationsfor anincompressible°uid with constart kine-
matic viscosity © > 0 occupying a volume - in R® with boundary j, take
the form:

u+ uder)uj °¢u+rp = f in- £1;
r¢u = O in- £1;
u = 0 onj £1; 17.1)
u(¢o) = u° in-;

where u(x; t) = (u(x;t);uz(x;t); us(x; t)) is the velaity and p(x;t) the
pressue of the °uid at (x;t) = (X1;X2;X3;t), and f (x; t), u®(x), I = (0;T),
is a givendriving force, initial data and time interval, respectively. For sim-
plicity and de niteness we assumehomogeneouDiric hlet boundary condi-
tions for the velocity.

The “rst equation in (17.1) expressesonsenation of momertum (New-
ton's SecondLaw) and the secondequation expressesonsenation of mass
in the form of incompressibility.

The Navier{Stok es equations formulated in 1821{45 appear to give an
accuratedescription of °uid °ow including both laminar and turbulent °ow
features. Computational Fluid Dynamics CFD concernsthe computational
simulation of °uid °ow by solving the Navier{Stok esequationsnumerically.
To computationally resole all the features of a °ow in a Direct Numer-
ical Simulation DNS seemsto require of the order Re® mesh points in
space-time,so already a °ow at Re = 10° would require Re® = 10'® mesh
points in space-time,and thus would seemto be impossibleto solve on any
foreseeablecomputer.

The computational challengeis to compute high Reynolds number °ows
(e.gRe= 10°) using lesscomputational e®ortthan in a DNS. We shall see
that for certain mean value outputs sudch asthe cp or ¢ coezxcients, this
indeed appearsto be possible: We give evidencethat the ¢p and ¢c. of a
surface mounted cube may be computed on a PC up to a tolerance of a
few percert (but not less).
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17.7 The Basic Energy Estimate for the
Navier{StokesEquations

We now derive a basic stability estimate of energytype for the velocity u
of the Navier{Stok esequations (17.1), assumingfor simplicity that f = 0.
This is about the only analytical a priori estimate known for the Navier{
Stokes equations.

Scalar multiplication of the momertum equation by u and integration
with respect to x gives

4z o Z
at juizdx + © jr ujj2dx = 0;
; -

NI -

becauseby partial integration (with boundary terms vanishing),

Z 4
rptudx = j pr ¢udx =0

and 7 7 7
(udr )ucdudx = j (ucer )ucdudx r ¢ujuj?dx

sothat z
(u¢r)ucdudx = 0

Integrating next with respect to time, we obtain the following basica priori
stability estimate for T > 0:

ku(¢ T)k? + Do (u; T) = ku®K?;
@ LT

Do(u;T) = © kr uik? dt;
i=1 0

(17.2)

where k ¢k denotesthe L,(-)-norm. This estimate gives a bound on the
kinetic energy of the velocity with D. (u; T) represetting the total dissipa-
tion from the viscosity of the °uid over the time interval [0; T]. We seethat
the growth of this term with time correspondsto a decreaseof the velocity
(momentum) of the °ow (with f = 0).

The characteristic feature of a turbulent °ow is that D. (u; T) is compar-
atively large, while in a laminar °ow with © small, Do (u; T) is small. With
Do(u;T) » 1in aturbulent °ow and jr uj uniformly distributed, we may
expect to have pointwise

jr ujj » o 72 (17.3)
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From the basic energy estimate, Leray derived the existence of a weak
solution (u; p) 2 V £ Q of the Navier{Stok esequations, de ned by:

Ro(u;p;via) ~ ((U;v)) + ((udr u;v)) i ((r ev;p) + ((r ¢u;q)) (17.4)
+(Crurv)i (f;v) =0 8(v;a)2VEQ; '

assumingu(0) = u® 2 Ly(-) 2andf 2 Lo(I;Hi () 3), where

V= fviv2 La(l;HEE) 3)v2 La(lHi () d)g;
Q= La(l;L2() ;

where H}(-) 3 is the usual Sobolev spaceof vector functions being square
integrable together with their rst derivativesover -, with dual Hi 1(-) 3,
and ((¢ 9) denoting the corresponding Lo(1;L2(-)) inner product or pair-
ing. As usual, L,(l;X) with X a Hilbert spacedenotesthe set of func-
tions v : I ! X which are squareintegrable. Below we write L,(X) in-
stead of Lo(1;X) and Lo(H?) and Lp(H' 1) instead of L(Ha(-) 3) and
Lo(I;Hi 1(-) 3). Note that the term ((u ¢r u;V)) is interpreted as

X
i ((uiu;;vi:i));
ij

wherevj; = @;=@,;.

17.9 Computational Solution

We now considera computational solution of the Navier{Stok esequations.
Without goinginto details of the construction of these methods, which we
refer to as Generalized Galerkin or G2, we can describe these methods as
producing an approximate solution (un;pn) 2 Vi £ Qn, WhereV,, £ Qp is
a piecewisepolynomial nite elemen subspaceof V £ Q de ned on space-
time mesheswith h represeriing the mesh sizein space-time,de ned by
the following discrete analog of (17.4)

Rn(Un;pn;v;d) = 0 forall (vid) 2 Vh £ Qn; (17.5)

expressingthat the discrete residual Ry (un;pn) = Rh(un;pn : ¢ @ is or-
thogonal to V,, £ Q. Note that in the nite elemeri method (17.5) we use
an arti cial viscosity of sizeh instead of the physical viscosity © assuming
h > ©. There are other more sophisticated ways of introducing a (neces-
sary) arti cial viscosity coupled to weighted least squaresstabilization in
G?, but here we considerthe simplest form of stabilization.
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The "nite elemen solution satis es an energy estimate analogous to
(17.2) of the form

K hr unk - C; (17.6)

where k ¢k denotesthe L,(L2)-norm, which follows by choosing (v;q) =
(un;pn) in (17.5). Here and below, C is a positive constart of unit size.

We will seebelow that to estimate an output error, we will have to
estimate Ro (Un; pr;' hiHh), Where(' 1; 1h) is the solution of a certain linear
dual problem with data connectedto the output. In general, (' ;W) will
not belongto the nite elemen subspaceand we will thus needto estimate
Ro (Un;ph:" hi k). The basic estimate for this quantit y takesthe form

. . p_
jRo(Un;ph;" hikn)j - C hK' nKe,H1ys (17.7)

if we omit the relevant ,-term assuming exact incompressibility, and C
denotesa constart of moderate size. To motivate this estimate, we obsene
that estimating separately the dissipative term in G2 (with viscosity h)
using the energy estimate (17.6), we get by Cauchy's inequality

p— P p-—
j(Chr upsr " w))j - k hrupkk hr ' pk- C hk' nky,my:

One can now argue that the remaining part of the residual can be esti-
mated similarly, which leadsto (17.7). We conclude that we expect the
residual of (un; pn) to be small (of sizeh™?) in a weak norm. Howewer, we
cannot expect the residual to be small in a strong sense:We would except
the residual in an L,-senseto be of size hi 12 re°ecting the basic energy
estimate (17.6), which suggeststhat jr unj » hi =2 paralleling (17.3).

17.10 Output Error Represeration

We now proceedto estimate the error in certain mean value outputs of a
computed nite elemen solution (un;pn) as comparedto the output of a
weak solution (u; p). We then consideran output of the form

M (u) = ((u; A))

where A 2 L,(L,) is a given (smooth) function. The output M (u) then
corresponds to a mean value in spaceand time of the velocity u with the
function A appearing asa weight. We then establishan error representation
in terms of the residual of the computed solution and the solution (' ; th)
of a certain linear dual problem (with coezxcients depending on both u and
up) to be speci ed below, of the form

M(U)i M (un) = Ro(Un;pn;" nibh): (17.8)
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We can then attempt to estimate the output error by using (17.7) to get
. . P
iM(U)i M(up)j- C hk nk,m1ys (17.9)

and the crucial question will thus concernthe size of k' pki,1). More
precisely we compute (an approximation of) the dual solution (* ;1) and
directly evaluate Ro (un;ph;' n; ). We may alsouse(17.9) to get a rough
idea on the dependenceof M (u) | M (un) on the meshsizeh, and we will
then obtain corvergencein output if, roughly speaking, k' hKkp, 1) grows
slower than hi 172,

We need here to make the role of h vs © more precise.We assumethat
° s quite small, say © - 10 8, sothat it is inconceiable that in a com-
putation we could reach h - °; we would rather have 10' 4 - h - 10 2,
In the "nite elemeri method we usean arti cial viscosity of sizeh instead
of the physical viscosity © and thus computing on a sequenceof meshes
with decreasingh, could be seenas computing a sequenceof solutions to
problems with decreasinge®ectiwe viscosity of size h. We would then be
interested in the \limit" with h = °, and we would by observingthe con-
vergence(or divergence)for h > © seekto draw a conclusion concerning
the caseh = °. So,in the computational examplesto be presernied we com-
pute on a sequenceof successiely re ned mesheswith decreasingh and we
evaluate the quantity Ro (un;pn;' nh;Mn) to seekto determine corvergence
(or divergence)for a speci ¢ output.

17.11 The Dual Problem

The dual problem takesthe following form, starting from a nite elemen
solution (un; pn) and a weak solution (u; p) with A a given (smooth) func-
tion: Find (' ;) with ' , = 0onj, sud that

i'hi (Uer) pFrrupn ¢ ptrp = A in- £1;
re¢y, = 0 in- £1;
"h(¢T) = O in - ;
(17.10)

where(r u, ¢ 1)j = (un); ¢ n. This is alinear corvection-di®usion-reaction
problem, where the time variable runs \backwards" in time with initial

value (= 0) givenat nal time T. The reaction coezcient r uy, is large and
highly °uctuating, and the cornvection velocity u is of unit sizeand is also
°uctuating. A standard GrAnwall type estimate of the solution (' n;h)
in terms of the data A would bring in an exponertial factor eT with

K a pointwise bound of jr unj which would be enormous, as indicated
above. When we compute the solution (* ; ), corresponding to ¢cp or ¢,
we note that (' n;n) does not seemto explode exponertially at all, as
would be indicated by GrAnwall. Intuitiv ely, by cancellationin the reaction
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term, with roughly as much production as consumption, (' n; M) grows
very slowly with deceasingh, and aswe have said, the crucial question will
be the growth of the quantity k' nK_, (1.

To establishthe error represertation (17.8) we multiply (17.10)by uj up,
integrate by parts, and usethe fact that

(uer )uj (un Cr )up = (udr )e+r uy Ce;

wheree= uj up.

In the computations, we have to replacethe corvection velocity u by the
computed velocity u,. We don't expect u,, to necessarilybe closepointwise
to u, so we have to deal with the e®ectof a large perturbation in the
dual linear problem. In the computations we get evidencethat the e®ect
on a crucial quantity like k' hk_,41) may be rather small, if the output
is cp or c_. More precisely our computations show in these casesa quite
slow logarithmic growth of k' pk_,41) in terms of 1=h, which indicates
that the large perturbation in u indeed has little in°uence on the error
represenation for ¢cp and c_ .

The net result is that we get evidence of output uniquenessof weak
solutions in the casethe output is cp or ¢ . We cortrast this with compu-
tational evidencethat an output of the momertary drag D(t) for a given
speci ¢ point in time t, is not uniquely determined by a weak solution.

17.12 Output Uniquenessof Weak Solutions

Supposewe have two weak solutions (u; p) and (¢; p) of the Navier{Stokes
equations with the samedata. Let (' ;) be a corresponding dual solu-
tion de ned by the dual equation (17.10), with uy, replaced by 0, and a
given output (given by the function A). Output uniquenesswill then hold
if k' hkLz(Hl) <1.

In practice, we will seekto computek’ pk, (1) approximately, replacing
both u and 0 ascoezcients in the dual problem by a computed solution uy,
thus obtaining an approximate dual velocity ' . Wethen study k' nhkp (1 1)
as h decreasesand we extrapolate to h = °. If the extrapolated value
K' ok ,v1y < 1, or rather is not too large, then we have evidence of
output uniquenesslf the extrapolated value is very large, we get indication
of output non-uniqueness.As a crude test of largenessof k' ok, (1), it
appearsnatural to usek' ok ,(y1y >> °i 172,

We may further usea slow growth of k' hki,41) as evidencethat it is
possibleto replaceboth u and ¢ by u, in the computation of the solution
of the dual problem: a near constancy indicates a desired robustnessto
(possibly large) perturbations of the coetcients u and 0.

We now proceedto give computational evidence.
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Uniquenessof ¢ and ¢.

The computational exampleis a blu® body benchmark problem. We com-
pute the mean value in time of drag and lift forceson a surface mounted
cube in a rectangular channel from an incompressible °uid governed by
the Navier{Stok esequations(17.1), at Re = 40:000 basedon the cube side
length and the bulk in°ow velocity. We compute the mean values over a
time interval of a length corresponding to 40 cube side lengths, which we
take asapproximations of cp and ¢, de ned as meanvaluesover very long
time.

The incoming °ow is laminar time-independert with a laminar boundary
layer on the front surface of the body, which separatesand dewelops a
turbulent time-dependert wake attaching to the rear of the body. The “ow
is thus very complexwith a combination of laminar and turbulent features
including boundary layers and a large turbulent wake, seeFigure 17.3.

The dual problem corresponding to ¢p has boundary data of unit size
for '  on the cube in the direction of the main °ow, acting on the time
interval underlying the mean value, and zero boundary data elsewhere A
snapshotof the dual solution corresponding to ¢p is shown in Figure 17.4,
and in Figure 17.5 we plot k' hk_,(41) as a function of hi L with h the
smallestelemert diameter in the computational mesh.

We nd that k' nk_,11) shows a slow logarithmic growth, and extrapo-
lating we nd that k' ok, ,(1y » °1 12, We take this as evidenceof com-
putabilit y and weak uniquenessof cp , and we obtain similar results for the
lift coexcient c_ .

Non-Uniquenessof D (t)

We now investigatethe computabilit y and weak uniquenessof the total drag
force D(t) at a speci ¢ value time t. In Figure 17.6 we show the variation
in time of D (t) computed on di®ereri meshesand we notice that D (t) for
a givent appearsto corvergevery slowly or not at all with decreasingh.
We now chooseone of the "ner meshescorresponding to hi * 4500, and
we compute the dual solution corresponding to a meanvalue of D (t) over a
time interval [To; T], wherewelet To ! T. Wethus seekto compute D (T).
In Figure 17.7 we nd a growth of k' k(1) similar to jT j Toji 72,
aswe let To ! T. The results showv that for jT | Toj = 1=16 we have
K' nki,u1y) Y4101 1, and extrapolation of the computational results indi-
cate further growth of k' hky,(n1), asTo! T andh! ©°. We take this as
evidenceof non-computability and weak non-uniquenessof D (T).
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FIGURE 17.3. Velocity juj (upper) and pressure jpj (lower), after 13 adaptive
mesh re nements, in the xixz-plane at x3 = 3:5H and in the x;xs-plane at
X2 = 0:5H, with H being the cube side length.
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FIGURE 17.4. Dual velocity j' j (upper) and dual pressure jyj (lower), after
14 adaptive mesh re nements with respect to mean drag, in the xi1x,-plane at
x3 = 3:5H and in the xi1x3-plane at x, = 0:5H, with H being the cube side
length.
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FIGURE 17.5.log,4-logy,-plot of k' ki, 41y asa function of 1=h.
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FIGURE 17.6.D(t) (normalized) as a function of time, for the 5 "nest compu-
tational meshes.
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FIGURE 17.7.K' nk_,41) corresponding to computation of the mean drag force
(normalized) over a time interval [To;T], as a function of the interval length
iT i Toj (logyo-log,q-plot).

17.14 Conclusion

We have given computational evidenceof weak uniqguenessof mean values
such as ¢p and ¢, and weak non-uniquenessof a momertary value D (t)
of the total drag. In the computations we obsene this phenomenonas
a contin uous degradation of computability (increasing error tolerance) as
the length of the mean value decreasego zero. When the error tolerance
is larger than one, then we have e®ectiely lost computability, since the
oscillation of D (t) is of unit size.We compute ¢cp and ¢, as meanvaluesof
“nite length (of size 10), and thus we expect somevariation also of these
values, but on a smaller scalethan for D(t), maybe of size = 0:1 with
0:01 as a possiblelower limit with presernt computers. Thus the distinction
betweencomputability (or weak uniqueness)and non-computability (weak
non-uniqueness)may in practice be just one or two orders of magnitude in
output error, rather than a di®erencebetweenO and 1 .

Of course, this is what you may expect in a quanti ed computational
world, as comparedto an ideal mathematical world. In particular, we are
led to measureresiduals of approximate weak solutions, rather than work-
ing with exact weak solutions with zeroresiduals. A suc quanti ed math-
ematical world is in fact richer than an ideal zero residual world, and thus
possibly more accessible.






18

Do Mathematician®uarrel?

The proofs of Bolzano's and Weierstrass theorems have a decidedly
non-constructiv e character. They do not provide a method for actu-
ally "nding the location of a zero or the greatest or smallest value of
a function with a prescribed degreeof precision in a nite number of
steps. Only the mere existence, or rather the absurdity of the non-
existence, of the desired value is proved. This is another important
instance where the "in tuitionists” have raised objections; some have
even insisted that such theorems be eliminated from mathematics.
The student of mathematics should take this no more seriously than
did most of the critics. (Courant)

| know that the great Hilb ert said \W e will not be driven out from
the paradise Cantor has created for us”, and | reply \I seeno reason
to walking in". (R. Hamming)

There is a concept which corrupts and upsetsall others. | refer not to
the Evil, whoselimited realm is that of ethics; | refer to the innite.
(Borges).

Either mathematics is too big for the human mind or the human
mind is more than a machine. (GAdel)

18.1 Introduction

Mathematics is often taught as an \absolute science" where there is a
clear distinction betweentrue and false or right and wrong, which should
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be universally acceptedby all professionalmathematicians and every en-
lightened layman. This is true to a large extent, but there are important
aspects of mathematics where agreemen has beenlacking and still is lack-
ing. The developmert of mathematics in fact includes as erce quarrels
as any other science.In the beginning of the 20th certury, the very foun-
dations of mathematics were under intense discussion.In parallel, a split
between \pure" and \applied" mathematics deweloped, which had never
existed before. Traditionally, mathematicians were generalists combining
theoretical mathematical work with applications of mathematics and even
work in medanics, physicsand other disciplines. Leibniz, Lagrange,Gauss,
Poincar§ and von Neumann all worked with concrete problems from me-
chanics, physics and a variety of applications, as well as with theoretical
mathematical questions.

In terms of the foundations of mathematics, there are di®erert \math-
ematical schools" that view the basic conceptsand axioms somewhat dif-
ferently and that usesomewhatdi®ereri typesof argumernts in their work.
The three principal schools are the formalists, the logicists and "nally the
intuitionists , also known as the constructivists.

As we explain below, we group both the formalists and the logicists
together under an idealistic tradition and the the constructivists under
a realistic tradition. It is possibleto assiate the idealistic tradition to
an \aristo cratic" standpoint and the realistic tradition to a \democratic"
one. The history of the WesternWorld can largely be be viewed as a battle
betweenan idealistic/aristo cratic and a realistic/democratic tradition. The
Greek philosopher Plato is the portal gure of the idealistic/aristo cratic
tradition, while along with the scierti ¢ revolution initiated in the 16th
certury, the realistic/democratic tradition has taken a leading role in our
scciety.

The debate betweenthe formalists/logicists and the constructivists cul-
minated in the 1930s,when the program put forward by the formalists and
logicists su®ereda strong blow from the logician Kurt Gédel. GAdel shaved,
to the surprise of world including great mathematicians like Hilb ert, that
in any axiomatic mathematical theory corntaining the axioms for the natu-
ral numbers, there are true facts which cannot be proved from the axioms.
This is GAdel's famousincompletenesstheorem.

Alan Turing (1912-54, dissertation at Kings College, Cambridge 1935)
took up a similar line of thought in the form of computability of real num-
bers in his famous 1936 article On Computable Numbers, with an appli-
cation to the Entscheidungspoblem In this paper Turing introduced an
abstract machine, now called a Turing machine, which becamethe proto-
type of the modern programmable computer. Turing de ned a computable
number as real number whosedecimal expansion could be produced by a
Turing machine. He showved that %was computable, but claimed that most
real numbers are not computable. He gave gave examplesof \undecidable
problems" formulated asthe problem if the Turing machine would cometo
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a halt or not, seeFig. 18.2. Turing laid out plansfor an electronic computer
named Analytical Computing Engine ACE, with referenceto Babbage's'
Analytical Engine, at the sametime asthe ENIA C wasdesignedin the US.
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FIGURE 18.1.Kurt GAdel (with Einstein 1950):\Ev ery formal system is incom-
plete."

Gédel's and Turing's work signi'ed a clear defeat for the formalists/
logicists and a corresponding victory for the constructivists. Paradaxically,
soon after the defeat the formalists/logicists gained cortrol of the mathe-
matics departments and the constructivists left to create new departmerts
of computer scienceand numerical analysis basedon constructive mathe-
matics. It appearsthat the trauma generatedby Gédel's and Turing's "nd-
ings on the incompletenessof axiomatic methods and un-computability,
was so strong that the earlier co-existenceof the formalists/logicists and
constructivists was no longer possible.Even today, the world of mathemat-
ics is heavily in°uenced by this split.

We will come badk to the dispute between the formalists/logicists and
constructivists below, and useit to illustrate fundamertal aspects of math-
ematics which hopefully can help us to understand our subject better.
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FIGURE 18.2. Alan Turing: \I wonder if my machine will cometo a halt.".

18.2 The Formalists

The formalist school says that it doesnot matter what the basic concepts
actually mean, becausdan mathematics we are just concernedwith relations
between the basic concepts whatever the meaning may be. Thus, we do
not have to (and cannot) explain or de ne the basic conceptsand can view
mathematics as somekind of "game". Howewver, a formalist would be very
anxiousto demonstrate that in his formal systemit would not be possible
to arrive at contradictions, in which case his game would be at risk of
breaking down. A formalist would thuslike to be absolutely sure about the
consistency of his formal system. Further, a formalist would like to know
that, at leastin principle, he would be able to understand his own game
fully, that is that he would in principle be able to give a mathematical
explanation or proof of any true property of his game. The mathematician
Hilb ert was the leader of the formalist school. Hilb ert was shocked by the
results by Gédel.

18.3 The Logicists and Set Theory

The logicists try to base mathematics on logic and set theory. Set theory
was developed during the secondhalf of the 19th certury and the language
of set theory has becomea part of our ewvery day language and is very
much appreciated by both the formalist and logicist schools, while the
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FIGURE 18.3. Bertrand Russell:\I am protesting."

constructivists have a more resened attitude. A setis a collection of items,
which are the elemeris of the set. An elemen of the setis said to belongto
the set. For example,a dinner may be viewed as a set consisting of various
dishes(entree, main course,dessert,co®ee)A family (the Wilsons) may be
viewed asa set consisting of a father (Mr. Wilson), a mother (Mrs. Wilson)
and two kids (Tom and Mary). A soccerteam (IFK G#éteborg for example)
consistsof the set of players of the team. Humanity may be said to be set
of all human beings.

Set theory makes it possible to speak about collections of objects as
if they were single objects. This is very attractiv e in both scienceand
politics, sinceit givesthe possibility of forming new conceptsand groups
in hierarchical structures. Out of old sets, one may form new sets whose
elemerts are the old sets.Mathematicians like to speak about the set of all
real numkbers, denoted by R, the set of all positive real numkbers, and the
set of all prime numbers, and a politician planning a campaign may think
of the set of demacratic voters, the set of auto workers, the set of female
“rst time voters, or the set of all poor, jobless, male criminals. Further,
a workers union may be thought of as a set of workers in a particular
factory or "eld, and workers unions may cometogether into unions or sets
of workers unions.

A set may be described by listing all the elemens of the set. This may
be very demanding if the set cortains many elemens (for example if the
setis humanity). An alternative is to describe the set through a property
sharedby all the elemerts of the set, e.g.the set of all peoplewho have the
properties of being poor, jobless, male, and criminal at the sametime. To
describe humanity as the set of beings which share the property of being
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human, however seemsto more of a play with words than something very
useful.

The leader of the logicist school was the philosopher and peaceactivist
Bertrand Russell (1872-1970).Russell discovered that building sets freely
can lead into contradictions that threaten the credibility of the whole logi-
cist system. Russell created variants of the old liar's paradox and barber's
paradox which we now recall. GAdel's theorem may be viewed to a variant
of this paradox.

The Liar's Paradox

The liar's paradax goesasfollows: A personsays "l am lying". How should
you interpret this sertence? If you assumethat what the person says is
indeed true, then it meansthat he is lying and then what he says is not
true. On the other hand, if you assumethat what he says is not true, this
meansthat he is not lying and thus telling the truth, which meansthat
what he says is true. In either case,you seemto be led to a contradiction,
right? Compare Fig. 18.4.

FIGURE 18.4.\ am (not) lying"

The Barber's Paradox

The barber's paradax goesasfollows: The barber in the village hasdecided
to cut the hair of everyone in the village who doesnot cut his own hair.
What shall the barber do himself? If he decidesto cut his own hair, he will
belongto the group of peoplewho cut their own hair and then accordingto
his decision, he should not cut his own hair, which leadsto a contradiction.
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On the other hand, if he decidesnot to cut his own hair, then he would
belongto the group of peoplenot cutting their own hair and then accord-
ing to his decision, he should cut his hair, which is again a contradiction.

Compare Fig. 18.5.

FIGURE 18.5. Attitudes to the \barb er's paradox": one relaxed and one very
concerned.

18.4 The Constructivists

The intuitionist/c onstructivist view is to consider the basic concepts to
have a meaning which may be directly "intuitiv ely" understood by our
brains and bodies through experience, without any further explanation.
Furthermore, the intuitionists would like to use as concrete or \construc-
tive" argumerts as possible,in order for their mathematics always to have
an intuitiv e \real" meaning and not just be a formality like a game.

An intuitionist may say that the natural numbers1, 2, 3,...., are obtained
by repeatedly adding 1 starting at 1. We know that from the constructivist
point of view, the natural numbers are something in the state of being
createdin a processwithout end. Givena natural number n, there is always
a next natural number n + 1 and the processnever stops. A constructivist
would not speak of the set of all natural numbersassomethinghaving been
completed and constituting an ertity in itself, like the set of all natural
numbers as a formalist or logicist would be willing to do. Gauss pointed



128 18. Do Mathematicians Quarrel?

out that \the set of natural numbers" rather would re°ect a \mo de of
speaking" than existenceas a set.

FIGURE 18.6. Luitzen Egbertus Jan Brouwer 1881-1966::\One cannot inquire
into the foundations and nature of mathematics without delving into the question
of the operations by which mathematical activit y of the mind is conducted. If one
failed to takethat into accourt, then onewould be left studying only the language
in which mathematics is represerted rather than the essenceof mathematics".

An intuitionist would not feel a needof \justi cation" or a proof of con-
sistencythrough someextra argumerts, but would say that the justi cation
is built into the very processof developing mathematics using constructive
processesA constructivist would soto speak build a machine that could
°y (an airplane) and that very constructive processwould itself be a proof
of the claim that building an airplane would be possible.A constructivist is
thusin spirit closeto a practicing engineer.A formalist would not actually
build an airplane, rather make somemodel of an airplane, and would then
needsometype of argumert to corvince investorsand passengerghat his
airplane would actually be ableto °y, at leastin principle. The leaderof the
intuitionist sdchool was Brouwer (1881-1966),seeFig. 18.6. Hard-core con-
structivism makeslife very ditcult (lik e strong vegetarianism),and because
the Brouwer school of constructivists were rather fundamertalist in their
spirit, they were quickly marginalized and lost in°uence in the 1930s.The
quote by Courant given above shaws the strong feelingsinvolved related to
the fact that very fundamertal dogmaswere at stake, and the generallack
of rational argumerts to meet the criticism from the intuitionists, which
was often replacedby ridicule and oppression.

Van der Waerden, mathematician who studied at Amsterdam from 1919
to 1923 wrote: \Brou wer came [to the university] to give his coursesbut
lived in Laren. He came only once a week. In general that would have
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not beenpermitted - he should have lived in Amsterdam - but for him an
exception was made. ... | onceinterrupted him during a lecture to ask a
guestion. Before the next week's lesson, his assistart cameto me to say
that Brouwer did not want questionsput to him in class.He just did not
want them, he was always looking at the blackboard, never towards the
students. ... Even though his most important researd contributions were
in topology, Brouwer never gave courseson topology, but always on - and
only on - the foundations of intuitionism . It seemedhat he was no longer
convinced of his results in topology becausethey were not correct from
the point of view of intuitionism, and he judged everything he had done
before, his greatestoutput, falseaccordingto his philosophy. He wasa very
strange person, crazy in love with his philosophy".

18.5 The PeanoAxiom Systemfor Natural
Numbers

The Italian mathematician Peano (1858-1932)set up an axiom system for
the natural numbers using as unde ned concepts\natural number", \suc-
cessor",\b elongto”, \set" and \equal to". His "ve axioms are

1. 1is a natural number

2. 1is not the successowof any other natural number

3. Eadch natural number n has a successor

4. If the successor®f n and m are equalthen soaren and m

There is a fth axiom which is the axiom of mathematical induction stating
that if a property holds for any natural number n, wheneser it holds for
the natural number precedingn and it holds for n = 1, then it holds for
all natural numkers. Starting with these v e axioms, one can derive all the
basic properties of real numbers.

We seethat the Peano axiom system tries to catch the essenceof our
intuitiv e feeling of natural numbers as resulting from successiely adding
1 without ewver stopping. The question is if we get a more clear idea of the
natural numbersfrom the Peanoaxiom systemthan from our intuitiv e feel-
ing. Maybe the Peanoaxiom system helpsto identify the basic properties
of natural numbers, but it is not so clear what the improved insight really
consistsof.

The logicist Russell proposedin Principia Mathematica to de ne the
natural numbers using set theory and logic. For instance, the number 1
would be de ned roughly speaking asthe set of all singletons, the number
two the set of all dyadsor pairs, the number three asthe setof all triples, et
cet. Again the questionis if this adds insight to our conception of natural
numbers?
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18.6 Real Numbers

Many textb ooks in calculus start with the assumption that the readeris
already familiar with real numbers and quickly intro duce the notation R to
denote the set of all real numbers. The readeris usually reminded that the
real numbers may be represerned as points on the real line depicted as a
horizontal (thin straiqﬂ black) line with marks indicating 1, 2, and maybe
numberslike1:1,1:2, 2,and % This ideaof basingarithmetic, that is num-
bers, on geometry goesbadk to Euclid, who took this route to get around
the dixculties of irrational numbersdiscoveredby the Pythagoreans.How-
ever, relying solely on argumenrts from geometry is very impractical and
Descartesturned the picture around in the 17th certury by basing geome-
try on arithmetic, which openedthe way to the revolution of Calculus. The
dizculties related to the evasive nature of irrational numbers encourtered
by the Pythagoreans,then of coursereappeared,and the related questions
concerningthe very foundations of mathematics gradually developed into
a quarrel with “erce participation of many of the greatest mathematicians
which culminated in the 1930s,and which has shaped the mathematical
world of today.

We have cometo the standpoint above that a real number may be de-
“ned through its decimal expansion.A rational real number hasa decimal
expansionthat eventually becomesperiodic. An irrational real number has
an expansionwhich is in"nite and is not periodic. We have de ned R as
the set of all possiblein nite decimal expansions,with the agreemenm that
this de nition is a bit vague becausethe meaning of \p ossible" is vague.
We may say that we usea constructivist/in tuitionist de nition of R.

The formalist/logicist would rather liketo de ne R asthe setof all in nite
decimal expansions,or set of all Cauchy sequence®f rational numbers, in
what we called a universal Big Brother style above.

The set of real numbers is often referred to as the \continuum" of real
numbers. The idea of a \continuum" is basicin classicalmedanics where
both spaceand time is supposedto be\continuous"” rather than \discrete".
On the other hand, in quantum medanics, which is the modern version
of medhanics on the scalesof atoms and molecules,matter starts to show
features of being discrete rather than continuous. This re°ects the famous
particle-wave duality in quantum medanics with the particle being dis-
crete and the wave being continuous. Depending on what glasseswe use,
phenomenamay appear to be more or lessdiscrete or continuous and no
single mode of description seemsto sutce. The discussionson the nature of
real numbersmay be rooted in this dilemma, which may never be resoled.
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18.7 Cantor versusKronedker

Let us give a glimpse of the discussionon the nature of real numbers
through two of the key personalities,namely Cantor (1845-1918)in the for-
malist corner and Kronecker (1823-91),in the constructivist corner. These
two mathematicians were during the late half of the 19th certury involved
in a bitter academic ght through their professionallives(which evertually
led Cantor into atragic mertal disorder). Cantor created set theory and in
particular atheory about setswith in nitely many elemers, such asthe set
of natural numbersor the setof real numbers. Cantors theory wascriticized
by Kronecker, and many others, who simply could not believe in Cantors
mental constructions or considerthem to be really interesting. Kronecker
took a down-to-earth approach and said that only setswith "nitely many
elemerns can be properly understood by human brains (\Go d created the
integers, all elseis the work of man"). Alternativ ely, Kronecker said that
only mathematical objects that can be "constructed" in a nite number of
stepsactually \exist", while Cantor allowedin nitely many stepsin a\con-
struction". Cantor would say that the set of all natural numbers that is the
setwith the elemernts 1;2;3; 4;:::, would \exist" asan object in itself asthe
set of all natural numkers which could be grasped by human brains, while
Kronecker would deny such a possibility and reseneit to a higher being. Of
course, Kronecker did not claim that there are only "nitely many natural
numbersor that there is a largest natural number, but he would (following
Aristotle) say that the existenceof arbitrarily large natural numbersis like
a \p otential" rather than an actual reality.

FIGURE 18.7.Cantor (left): \I realizethat in this undertaking | place myselfin a
certain opposition to views widely held concerning the mathematical in nite and
to opinions frequently defended on the nature of numbers". Kronecker (right):
\Go d created the integers, all elseis the work of man".
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In the “rst round, Kronecker won since Cantor's theories about the in -
nite was rejected by many mathematicians in the late 19th and beginning
20th certury. But in the next round, the in°uential mathematician Hilb ert,
the leader of the formalist school, joined on the side of Cantor. Bertrand
Russell and Norbert Whitehead tried to give mathematics a foundation
basedon logic and set theory in their monumental Principia Mathematica
(1910-13) and may also be viewed as supporters of Cantor. Thus, despite
the strong blow from GAdelin the 1930's,the formalist/logicist schoolstook
over the sceneand have beendominating mathematics education into our
time. Today, the developmert of the computer is again starting to shift the
weight to the side of the constructivists, simply becauseno computer is able
to perform innitely many operations nor store in nitely many numbers,
and sothe old battle may comealive again.

Cantor's theoriesabout in nite numbershave mostly beenforgotten, but
there is one reminiscencein most presenations of the basicsof Calculus,
namely Cantor's argumert that the degreeof innit y of the real numbersis
strictly larger than that of the rational or natural numbers. Cantor argued
as follows: supposewe try to enumerate the real numbersin a list with a
“rst real number rq, a secondreal number r, and so on. Cantor claimed
that in any sud list there must be somereal numbers missing, for exam-
ple any real number that di®ersfrom ry in the rst decimal, from r; in
the seconddecimal and so on. Right? Kronecker would argue against this
construction simply by asking full information about for exampler 1, that
is, full information about all the digits of r;. OK, if r; was rational then
this could be given, but if r; wasirrational, then the merelisting of all the
decimalsof r; would never cometo an end, and so the idea of a list of real
numbers would not be very corvincing. Sowhat do you think? Cantor or
Kronecker?

Cantor not only speculated about di®erert degreesof in nities, but also
clearedout more concretequestionsabout e.g.cornvergenceof trigonometric
seriesviewing real numbers as limits of of Cauchy sequencesof rational
numbersin pretty much the samewe have preseried.

18.8 Deciding Whether a Number is Rational or
Irrational

We dwell a bit more on the nature of real numbers. Supposex is a real
number, the decimals of which can be determined one by one by using a
certain algorithm. How can we tell if x is rational or irrational? Theoreti-
cally, if the decimal expansionis periodic then x is rational otherwiseit is
irrational. There is a practical problem with this answer however because
we can only compute a “nite number of digits, say never more than 10'%°,
How canwe be surethat the decimal expansiondoesnot start repeating af-
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ter that? To be honest, this question seemsvery ditcult to answer. Indeed
it appearsto be impossibleto tell what happensin the complete decimal
expansionby looking at a nite number of decimals. The only way to de-
cide if a number x is rational or irrational is guge out a clever argumert
like the onethe Pythagoreansusedto show that = 2 is irrational. Figuring
out such argumerts for di®erert speci ¢ numberslike ¥and e is an activity
that hasinterested a lot of mathematicians over the years.

On the other hand, the computer canonly compute rational numbersand
moreover only rational numberswith "nite decimal expansions.If irrational
numbersdo not exist in practical computations, it is reasonableto wonder if
they truly exist. Constructive mathematicians like Kronecker and Brouwer
would not claim that irrational numbersreally exist.

18.9 The Setof All PossibleBooks

We suggestit is reasonableto de ne the set of all real numbers R as the
set of all possible decimal exmnsions or equivalertly the set of all pos-
sible Cauchy sequenes of rational numkters. Periodic decimal expansions
correspond to rational numbers and non-periodic expansionsto irrational
numbers. The set R thus consistsof the set of all rational numberstogether
with the set of all irrational numbers. We know that it is commonto omit
the word \p ossible" in the suggestedde nition of R and de ne R as\the
set of all real numbers", or \the set of all in nite decimal expansions".

Let's seeif this hides sometricky point by way of an analogy. Suppose
we de ne a \b ook" to be any nite sequenceof letters. There are speci ¢
books such as\The Old Man and the Sea" by Hemingway, \The Author
asa Young Dog" by Thomas, \Alice in Wonderland" by Lewis Carrol, and
\1984" by Orwell, that we could talk about. We could then introduceB as
\the set of all possiblebooks", which would consist of all the books that
have beenand will be written purposely together with many more \b ooks"
that consist of random sequence®f letters. Thesewould include those fa-
mous books that are written or could be written by chimpanzeesplaying
with typewriters. We could probably handle this kind of terminology with-
out too much dixcult y, and we would agreethat 1984is an elemen of B.
More generally, we would be able to say that any given book is a member
of B. Although this statemert is dixcult to deny, it is alsohard to say that
this ability is very useful.

Supposenow we omit the word possibleand start to speak of B as\the
set of all books". This could give the impressionthat in somesenseB is an
existing reality, rather than somekind of potential aswhen we speak about
\p ossiblebooks". The set B could then be viewed as a library cortaining
all books. This library would have to be enormously large and most of the
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\b ooks" would be of no interest to anyone. Believing that the set of all
books \exists" as a reality would not be very natural for most people.

The set of real numbers R has the same °avor as the set of all books
B. It must be a very large set of nhumbers of which only a relative few,
such as the rational numbers and a few speci ¢ irrational numbers, are
ever encourtered in practice. Yet, it is traditional to de ne R as the set
of real numbers, rather than as \set of all possible real numbers". The
reader may choosethe interpretation of R according to his own taste. A
true idealist would claim that the set of all real numbers \exists", while
a down-to-earth personwould more likely speak about the set of possible
real numbers. Evertually, this may comedown a personalreligious feeling;
somepeopleappearto believe that Heaven actually exists, and while others
might view asa potential or asa poetic way of describing something which
is dixcult to grasp.

Whatever interpretation you choose,you will certainly agreethat some
real numbers are more clearly speci ed than others, and that to specify a
real number, you needto give somealgorithm allowing you to determine
as many digits of the real number as would be possible (or reasonable)to
ask for.

18.10 Recipesand Good Food

sing the Bisection algorithm, we can compute any number of decimals of

2 if we have enoughcomputational power. Using an algorithm to specify
a number is analogousto using a recipe to specify for example Grandpa's
Chocolate Cake By following the recipe, we can bake a cake that is a more
or lessaccurate approximation of the ideal cake (which only Grandpa can
make) depending on our skill, energy equipmert and ingredients. There is
a clear di®erencebetweenthe recipe and cakesmade from the recipe, since
after all we can eat a cake with pleasurebut not a recipe. The recipe s like
an algorithm or schemetelling us how to proceed,how many eggsto use
for example, while cakesare the result of actually applying the algorithm
with real eggs.

Of course, there are people who seemto enjoy reading recipes, or even
just looking at pictures of food in magazinesand talking about it. But if
they never actually do cook anything, their friends are likely to Ioseinterss}
in this activity. Similarly, you may enjoy looking at the symbols Yaor = 2
and talking about them, or writing them on piecesof paper, but if you never
actually compute them, you may cometo wonder what you are actually
doing.

In this book, we will seethat there are many mathematical quartities
that can only be determined approxiniﬁtely using a computational algo-

rithm. Examplesof sudh quartities are 2, % and the basee of the natural
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logarithm. Later we will "nd that there are alsofunctions, even elemeriary
functions like sin(x) and exp(x) that needto be computed for di®eren
values of x. Just aswe rst needto bake a cake in order to enjoy it, we
may needto compute sud ideal mathematical quartities using certain al-
gorithms before using them for other purposes.

18.11 The \New Math" in Elemertary Education

After the defeatof formalists in the 1930sby the argumerts of Gédel, para-
doxically the formalist school took over and set theory got a new chance.
A wave generatedby this developmen struck the elemenary mathematics
education in the 1960sin the form of the \new math". The idea was to

explain numbers using set theory, just as Russelland Whitehead had tried

to do 60 yearsearlier in their Principia. Thus a kid would learn that a set
consisting of one cow, two cups, a piece of chocolate and an orange, would

have v e elemeris. The idea was to explain the nature of the number 5
this way rather than counting to "v e on the "ngers or pick out 5 oranges
from a heap of oranges.This type of \new math" confusedthe kids, and
the parents and teachers even more, and was abandonedafter someyears
of turbulence.

18.12 The Seart for Rigor in Mathematics

The formalists tried to give mathematics a rigorous basis. The seard for
rigor was started by Caudchy and Weierstrasswho tried to give precisedef-
initions of the conceptsof limit, derivative and integral, and was cortinued
by Cantor and Dedekind who tried to clarify the precise meaning of con-
cepts such as cortinuum, real number, the set of real numbers, and so on.
Eventually this e®ortof giving mathematics a fully rational basiscollapsed,
as we have indicated above.
We may identify two typesof rigor:

2 constructive rigor
2 formal rigor.

Constructive rigor is necessaryto accomplish dicult tasks like carrying
out a heart operation, sendinga man to the moon, building atall suspension
bridge, climbing Mount Everest, or writing a long computer program that
works properly. In ead case,every little detail may court and if the whole
enterprise is not characterized by extreme rigor, it will most likely fail.
Eventually this is a rigor that concernsmaterial things, or real everts.
Formal rigor is of a di®erent nature and doesnot have a direct concrete
objective like the onessuggestedabove. Formal rigor may be exercisedat a
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royal court or in diplomacy, for example.lIt is arigor that concernslanguage
(words), or manners.The Scholastic philosophersduring the Medieval time,

wereformalists who loved formal rigor and could discussthrough very com-
plicated argumerts for example the question how many Angels could t

onto the edgeof a knife. Somepeopleusea very educatedformally correct
languagewhich may be viewed as expressinga formal rigor. Authors pay
a lot of attention to the formalities of language,and may spend hour after
hour polishing on just one sertence until it getsjust the right form. More
generally, formal aspects may be very important in Arts and Aesthetics.
Formal rigor may be thus very important, but sernesa di®erert purpose
than constructive rigor. Constructive rigor is there to guarantee that some-
thing will actually function asdesired.Formal rigor may serne the purpose
of controlling people or impressing people, or just make people feel good,
or to carry out a diplomatic negotiation. Formal rigor may be exercisedin
a gameor play with certain very speci ¢ rules, that may be very strict, but
do not serwe a direct practical purposeoutside the game.

Also in mathematics, one may distinguish between concrete and formal
error. A computation, like multiplication of two natural numbers, is a con-
crete task and rigor simply meansthat the computation is carried out in
a correct way. This may be very important in economicsor engineering. |t
is not dizcult to explain the usefulnessof this type of constructive rigor,
and the student has no ditcult y in formulating himself what the criteria
of constructive rigor might be in di®erer cortexts.

Formal rigor in calculuswas promoted by Weierstrasswith the objective
of making basic conceptsand argumerts like the continuum of real hum-
bersor limit processesnore \formally correct". The idea of formal rigor is
still alive very much in mathematics education dominated by the formalist
school. Usually, students cannot understand the meaning of this type of
\formally rigorous reasoning”, and very seldom can exercisethis type of
rigor without much direction from the teacher.

We shall follow an approad where we try to reac constructive rigor to
a degreewhich can be clearly motivated, and we shall seekto make the
concept of formal rigor somewhatunderstandable and explain someof its
virtues.

18.13 A Non-Constructive Proof

We now give an example of a proof with non-constructive aspects that
plays an important role in many Calculus books. Although becauseof the
non-constructive aspects, the proof is consideredto be so dixcult that it
can only by appreciated by selectedmath majors.

The setting is the following: We considera bounded increasingsequence
faygi of real numbers, that is a, - an+ for n = 1;2;:::, and there is a
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constart C such that a, - C forn = 1;2;::.. The claim is that the sequence
fa,gi corvergesto a limit A. The proof goesas follows: all the numbers
an clearly belongto the interval | = [a;; C]. For simplicity supposea; = 0
and C = 1. Divide now the interval [0; 1] into the two intervals [0; 1=2] and
[1=2; 1]. and make the following choice: if there is a real number a, suc
that a, 2 [1=2; 1], then choosethe right interval [1=2; 1] and if not choose
the left interval [0; 1=2]. Then repeat the subdivision into a left and a right
interval, chooseone of the intervals following the sameprinciple: if there is
a real number a, in the right interval, then choosethis interval, and if not
choosethe left interval. We then get a nested sequenceof intervals with
length tending to zero de ning a unigue real number that is easily seento
be the limit of the sequencef a,gi . Are you corvinced? If not, you must
be a constructivist.

So where is the hook of non-constructivenessin this proof? Of course,
it concernsthe choice of interval: in order to choosethe correct interval
you must be able to ched if there is somea, that belongsto the right
interval, that is you must ched if a, belongsto the right interval for all
suzxciently largen. The questionfrom a constructivist point of view is if we
can perform eat ched in a nite number of steps.Well, this may dependon
the particular sequencen, - an+; under consideration. Let's rst consider
a sequencewhich is so simple that we may say that we know ewverything
of interest: for example the sequencefa,gt with a, = 1 2 ", that is
the sequencel=2; 3=4; 7=8; 15=16; 31=32; ::;, which is a bounded increasing
sequenceclearly corverging to 1. For this sequencewe would be able to
always choosethe correct interval (the right one) bgcauseof its simplicity.

We now considerthe sequenced a,gi with a, = 2 k% which is clearly
an increasing sequence,and one can also quite easily showv that the se-
quenceis bounded. In this casethe choice of interval is much more tricky,
and it is not clear how to make the choice constructively without actually
constructing the limit. So there we stand, and we may question the value
of the non-constructive proof of existenceof a limit, if we anyway have to
construct the limit. In any casewe sum up in the following result:

Theorem 18.1 (non-constructive!) A boundel increasing seqjuen@ con-
verges.

18.14 Summary

The viewpoint of Plato wasto say that ideal points and lines exist in some
Heaven above, while the points and lines which we as human beings can
deal with, are some more or lessincomplete copiesor shadesor images
of the ideals. This is Plato's idealistic approadch, which is related to the
formalistic school. An intuitionist would say that we can never be sure of
the existence of the ideals, and that we should concerrate on the more
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or lessincomplete copieswe can construct ourselvesas human beings. The
guestion of the actual existenceof the ideals thus becomesa question of
metaphysicsor religion, to which there probably is no de nite answer. Fol-
lowing our own feelings,we may chooseto be either a idealist/formalist or
an intuitionist/constructivist, or somethingin between.

The authors of this book have chosensuch a middle way between the
constructivist and formalist schools, trying alwaysto beasconstructive asis
possiblefrom a practical point of view, but often using a formalist language
for reasonsof convenience.The constructive approad puts emphasison the
concrete aspects of mathematics and brings it closeto engineering and
\b ody". This reducesthe mystical character of mathematics and helps
understanding. On the other hand, mathematics is not equalto engineering
or only \b ody", and alsothe lessconcrete aspects or \soul" are useful for
our thinking and in modeling the world around us. We thus seeka good
synthesis of constructive and formalistic mathematics, or a synthesis of
Body & Soul.

Going badk to the start of our little discussion,we thus assaiate the
logicist and formalistic schools with the idealistic/aristo cratic tradition and
the constructivists with the constructive/democratic tradition. As studerts,
we would probably appreciatea constructive/democratic approad, sinceit
aids the understanding and givesthe studert an active role. On the other
hand, certain things indeed are very ditcult to understand or construct,
and then the idealistic/aristo cratic approach opensa possible attitude to
handle this dilemma.

The constructivist approac, wheneer feasible,is appealing from educa-
tional point of view, sinceit givesthe student an active role. The studert
is invited to construct himself, and not just watch an omnipotent teacher
pick ready-madeexamplesfrom Heaven.

Of course,the developmert of the modern computer hasmeart atremen-
dous boost of constructive mathematics, becausewhat the computer does
is constructive. Mathematics education is still dominated by the formalist
school, and the most of the problemstoday a?icting mathematics educa-
tion can be related to the over-emphasisof the idealistic school in times
when constructive mathematics is dominating in applications.

Turing's principle of a \univ ersal computing machine" directly connects
the work on the foundations of mathematicsin the 1930s(with Computable
numbers asa key article), with the developmernt of the modern computer in
the 1940s(with ACE asa key example),and thusvery concretelyillustrates
the power of (constructive!) mathematics.
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Somedistinguished mathematicians haverecertly advocated the more
or lesscomplete banishment from mathematics of all non-constructiv e
proofs. Evenif such a program weredesirable, it would involve tremen-
dous complications and even the partial destruction of the body of
living mathematics. For this reasonit is no wonder that the school of
\in tuitionism”, which has adopted this program, has met with strong
resistance, and that even the most thoroughgoing intuitionists can-
not always live up to their convictions. (Courant)

The composition of vast books is a laborious and impoverishing
extravagance. To go on for v e hundred pages developing an idea
whose perfect oral exposition is possiblein a few minutes! A better
courseof procedureis to pretend that these books already exist, and
then to o®era resume,a commertary...More reasonable,more inept,
more indolent, | have preferred to write notesupon imaginary books.
(Borges, 1941)

| have always imagined that Paradisewill bekind of alibrary . (Borges)

My prize book at Sherbourne School (von Neumann's Mathematische
Grundlagen der Quantenmechanik) is turning out very interesting,
and not at all dixcult reading, although the applied mathematicians
seemto nd it rather strong. (Turing, age 21)

FIGURE 18.8. View of the river Cam at Cambridge 2003 with ACE in the
fore-ground (and \UNTHINKABLE" in the background to the right)
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Appendix A

Commerts onthe Directivesof the
Mathematicdelegation

We now return to the Mathematics Delegation and shortly commern on its
directives.

A.1 The Directives

2 The importance of good knowledge in mathematics is undeniable. This
covers a wide area from daily knowledgeto creating the conditions for life-
long learning, aswell asthe acquisition of competenceand problem solving
skills required for learning in other subjects, and for actively participating
in society and working life.

2 General skills such aslogical thinking, the ability to abstract, analyseargu-
ments, communication and problem solving skills are all developed, applied
and trained within mathematics.

2 For this reason,it is natural that mathematics is one of the basic subjects
in the compulsory school, that the admissions requirement to the upper
secondary school is a PassGrade, and that mathematics is a core subject
in the upper secondary school.

2 A knowledge of mathematics helps us to understand complex contexts, and
is a prerequisite not only for our joint welfare, but also the individual's
opportunities to e.g. be able to examine and evaluate arguments in the
political debate on the use and distribution of our joint resources.

2 People with good knowledge in the natural sciencesand technology are
of vital importance for Sweden to be able to continue to develop as a
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leading industrial nation using resourcese®ectively and to promote sus-
tainable economic, social and ecological developmert. A good knowledge
of mathematics is also needed in many other areas in order to achieve
success.Mathematics and its applications contribute to developmert in a
large number of areassuch as e.g. electronics, communication, economics,
biology and medicine, as well as the arts, music and Tm.

A.2 Commens

We now examinethe above statemerts concerningform, content, and logic,
possibly using someof our analytical skills developed during our studies of
mathematics (and languagesand other subjects).

Geneml and Vague

The statemerts are generalin nature, and no indication to what mathe-
matics is referred to: Mathematics in general? Calculus? Linear algebra?
Elemenrtary arithmetic? Algebraic topology? And no indication at all is
given to the many important applications of computational mathematics
in our information scciety.

Problem Solving Skills

It is claimed that skills of \problem solving" are deweloped within math-
ematics education. Again within which parts of mathematics education:
General?Calculus? Any? And what typesof problems?

Logical Thinking and the Ability to Abstract

It is claimed that \general skills such as logical thinking, the ability to
abstract and analyse argumerts, are all deweloped, applied and trained
within mathematics". It is not mertioned that such skills equally much,
or even more, are deweloped within studiesin languages(in particular the
mother tongue) and in social and natural sciences.

The Undeniablelmportance of Mathematics

It is stated that \The importance of good knowledge in mathematics is
undeniable". Again the statement is very vague: what is \good knowl-
edge" and what mathematics is referred to? And of course,the use of the
phrase \undeniable" in an argumert may be questioned. The only state-
merts which are undeniable are tautologies like \there are 100 certimeters
on a meter" or \one plus oneis two".
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Maybe a \good knowledge" of addition, subtraction and multiplication,
is sutcient? If this is true, how could we motivate students to go beyond
elemenary arithmetics?

The Undeniablelmportance of Latin

Similarly, onemay arguefrom an\undeniable importance\ of languagethat
classicalLatin and Greek should be reintroduced as a compulsory subject
from basiceducationand up. Or from the \undeniable success'of pop music
that the education in contemporary electronic music (appreciated by only
a very small part of the public), should be signi cantly strengthened.

Nothing About Computational Mathematics

A most remarkable feature of the directivesis that nothing is mertioned
about the role and importance of computational mathematics today, in sci-
ence,medicine, engineering,economicsand other areas,of which we presert
evidencein this book. In particular no indication is given of the importance
of computational mathematics within studiesin natural sciencesand tech-
nology, viewedto be of \vital importance for Swedento be able to continue
to dewelop as a leading industrial nation using resourcese®ectiely and to
promote sustainable economic,social and ecologicaldevelopment”. This is
truly very remarkable!

Distribution of Joint Resoures

It is claimed that mathematics helps us to evaluate argumerts for the
distribution of joint resourcesMaybe so, but this issuein generalhas more
to do with political ideologiesthan mere courting.

How to be Suaessful?

It is stated that \A good knowledgeof mathematics is alsoneededin many
other areasin order to achieve successud as communication, economics,
biology and medicine, as well as the arts, music and Tm". Is this true?
Maybe in economics,but is it true in the arts, music and Tm? Which
mathematicsis hereusefulto reach successThat $1million plus $1 million

is $2 millions?

A.3 A SumUp

The directives are surprisingly vague and sweepingand in fact appear to
re°ect quite a bit of confusion (or is it a careful calculation?). It is easyto
get the impressionthat the directivesare formulated so as to:
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2 pe politically correct (\sustainable economic, sccial and ecological
developmen");

2 suit traditional sdhools of mathematics by suggestingusefulnessof
mathematics in general,but not giving any concretion concerningin
particular the role of computational mathematics today;

2 suit traditional sdhools of mathematics didactics relieving them from
contacts with modern computational mathematics.

Of course,with sud directivesthere is a high risk that also the report of
the delegationwill comeout asbeing vagueand confused.Further, there is
a risk that sud a report will be usedto give a justi cation of status quo,
rather than asa tool for constructive changeto the better.

We invite the readerto analyzethe directives,and in particular presert
possible reasonsfor the absenceof computational mathematics. And of
courseto read and analyzethe report on www.matematikdelegationen.gw.se
when available.
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The Needof Reform of Mathematics Education

Mathematics education needsto be reformed as we now passinto the new
millennium. We sharethis corviction with a rapidly increasingnumber of
researters and teachers of both mathematics and topics of scienceand
engineeringbasedon mathematical modeling. The reasonis of coursethe
computer revolution, which hasfundamertally changedthe possibilities of
using mathematical and computational techniques for modeling, simula-
tion and cortrol of real phenomena.New products and systemsmay be
deweloped and tested through computer simulation on time scalesand at
costs which are orders of magnitude smaller than those using traditional
techniques based on extensive laboratory testing, hand calculations and
trial and error.

At the heart of the new simulation techniques lie the new elds of
Computational Mathematical Modeling (CMM), including Computational
Mechanics, Physics, Fluid Dynamics, Electromagneticsand Chemistry, all
based on solving systemsof di®erertial equations using computers, com-
bined with geometric modeling/{Computer Aided Design (CAD). Compu-
tational modeling is also nding revolutionary new applications in biology,
medicine, ervironmental sciencesgconony and nancial markets.

Education in mathematics forms the basis of scienceand engineering
education from undergraduate to graduate level, becauseengineeringand
scienceare largely based on mathematical modeling. The level and the
quality of mathematics education setsthe level of the education asa whole.



148 Appendix B. Prefaceto Body&Soul

The new technology of CMM/CAD crossesborders between traditional
engineeringdisciplines and schools, and drives strong forcesto modernize
engineering education in both content and form from basic to graduate
level.

Our Reform Program

Our own reform work started some 20 years ago in coursesin CMM at
advancedundergraduate level, and hasthrough the yearssuccessiely pen-
etrated through the systemto the basic education in calculus and linear
algebra. Our aim has becometo dewelop a complete program for mathe-
matics education in scienceand engineeringfrom basic undergraduate to
graduate education. As of now our program cortains the seriesof books:

1. Computational Di®erential Equations, (CDE)
2. Applied Mathematics: Body & Soul I-lll , (AM I-111 )
3. Applied Mathematics: Body & Soul VI-, (AM [V-).

AM [-llIl is the present book in three volumesI-l11 covering the basics
of calculus and linear algebra. AM V- o®ersa cortinuation with a series
of volumes dedicated to speci ¢ areas of applications such as Dynamical
Systems(1V) , Fluid Mechanics (V) , Solid Mechanics (VI) and Electromag-
netics (VII) , which will start appearing in 2003. CDE published in 1996
may be beviewedasa rst versionof the whole Applied Mathematics: Body
& Soul project.

Our program also contains a variety of software (collected in the Math-
ematics Laloratory), and complemenary material with step-by step in-
structions for self-study, problems with solutions, and projects, all freely
available on-line from the web site of the book. Our ambition is to o®era
\b ox" containing a set of books, software and additional instructional ma-
terial, which can serwe as a basisfor a full applied mathematics program
in scienceand engineeringfrom basicto graduate level. Of course,we hope
this to be an on-going project with new material being added gradually.

We have beenrunning an applied mathematics program basedon AM
I-1ll from rst year for the students of chemical engineeringat Chalmers
sincethe Fall 99, and we have used parts of the material from AM IV- in
advancedundergraduate/beginning graduate courses.

Main Featuresof the Program:

2 The program is basedon a synthesis of mathematics, computation
and application.
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The program is basedon new literature, giving a new uni ed presen-
tation from the start basedon constructive mathematical methods
including a computational methodology for di®ererial equations.

The program cortains, as an integrated part, software at di®eren
levels of complexity.

The student acquiressolid skills of implemerting computational
methods and developing applications and software using MATLAB.

The synthesis of mathematics and computation opens mathematics
education to applications, and gives a basis for the e®ectiwe use of
modern mathematical methods in medanics, physics, chemistry and
applied subjects.

The synthesisbuilding on constructive mathematics givesa synergetic
e®ectallowing the study of complex systemsalready in the basic ed-
ucation, including the basic models of mecanical systems,heat con-
duction, wave propagation, elasticity, °uid °ow, electro-magnetism,
reaction-di®usion, molecular dynamics, as well as corresponding
multi-ph ysics problems.

The program increasesthe motivation of the student by applying
mathematical methods to interesting and important concrete prob-
lems already from the start.

Emphasismay be put on problem solving, project work and presen-
tation.

The program gives theoretical and computational tools and builds
con dence.

The program contains most of the traditional material from basic
coursesin analysisand linear algebra

The program includes much material often left out in traditional pro-
gramssud asconstructive proofs of all the basictheoremsin analysis
and linear algebraand advancedtopics sud as nonlinear systemsof
algebraic/di®erertial equations.

Emphasisis put on giving the student a solid understanding of basic
mathematical conceptssucd asreal numbers, Cauchy sequencesl.ips-

chitz continuity, and constructivetoolsfor solving algebraic/di®erertial
equations, together with an ability to utilize thesetoolsin advanced
applications such as molecular dynamics.

The program may be run at di®erert levels of ambition concerning
both mathematical analysis and computation, while keepinga com-
mon basic core.
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AM [-lll in Brief

Roughly speaking, AM I-lll corntains a synthesis of calculus and linear
algebra including computational methods and a variety of applications.
Emphasisis put on constructive/computational methods with the double
aim of making the mathematics both understandable and useful. Our am-
bition is to introducethe student early (from the perspective of traditional
education) to both advanced mathematical concepts (such as Lipschitz
continuity, Cauchy sequence,contraction mapping, initial-v alue problem
for systemsof di®erertial equations) and advanced applications suc as
Lagrangian medianics, n-body systems, population models, elasticity and
electrical circuits, with an approach basedon constructive/computational
methods.

Thusthe ideais that making the student comfortable with both advanced
mathematical conceptsand modern computational techniques, will open a
wealth of possibilities of applying mathematics to problemsof real interest.
This is in contrast to traditional education where the emphasisis usually
put on a set of analytical techniques within a conceptual framework of
more limited scope. For example:we already lead the student in the second
quarter to write (in MATLAB) his/her own solver for general systemsof
ordinary di®ererial equations based on mathematically sound principles
(high conceptual and computational level), while traditional education at
the sametime often focuseson training the student to master a bag of
tricks for symbolic integration. We also teach the student sometricks to
that purpose,but our overall goal is di®erert.

Constructive Mathematics: Body & Soul

In our work we have beenled to the corviction that the constructive as-
pects of calculus and linear algebra needto be strengthened. Of course,
constructive and computational mathematics are closely related and the
dewvelopmernt of the computer has boosted computational mathematics in
recert years. Mathematical modeling hastwo basic dual aspects: one sym-
bolic and the other constructive-numerical, which re°ect the duality be-
tweenthe innite and the nite, or the continuous and the discrete. The
two aspects have been closely intertwined throughout the developmert of
modern sciencefrom the dewvelopmen of calculusin the work of Euler, La-
grange, Laplace and Gaussinto the work of von Neumannin our time. For
example,Laplace'smonumental M§anique Clestein v e volumespreseris
a symbolic calculusfor a mathematical model of gravitation taking the form
of Laplace's equation, together with massive numerical computations giv-
ing concreteinformation concerningthe motion of the planets in our solar
system.
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Howewer, beginning with the seard for rigor in the foundations of cal-
culus in the 19th century, a split betweenthe symbolic and constructive
aspectsgradually developed. The split acceleratedwith the invertion of the
electronic computer in the 1940s,after which the constructive aspectswere
pursued in the new “elds of numerical analysis and computing sciences,
primarily dewveloped outside departments of mathematics. The unfortu-
nate result today is that symbolic mathematics and constructive-numerical
mathematics by and large are separate disciplines and are rarely taught
together. Typically, a student "rst meetscalculusrestricted to its symbolic
form and then much later, in a di®erent cortext, is confronted with the
computational side. This state of a®airslacks a sound scierti ¢ motivation
and causesse\ere ditculties in coursesin physics, medanics and applied
scienceswhich build on mathematical modeling.

New possibilities are opened by creating from the start a synthesis of
constructive and symbolic mathematics represeting a synthesis of Body
& Soul: with computational techniquesavailable the students may become
familiar with nonlinear systemsof di®erenial equations already in early
calculus, with a wealth of applications. Another consequenceds that the
basicsof calculus, including conceptslike real number, Cauchy sequence,
corvergence, xed point iteration, cortraction mapping, is lifted out of
the wardrobe of mathematical obscurities into the real world with direct
practical importance. In one shot one can make mathematics education
both deeper and broader and lift it to a higher level. This idea underliesthe
present book, which thusin the setting of a standard engineeringprogram,
contains all the basic theorems of calculus including the proofs normally
taught only in special honors courses,together with advancedapplications
sud assystemsof nonlinear di®erertial equations.We have found that this
seeminglyimpossible program indeed works surprisingly well. Admittedly ,
this is hard to believe without making real life experiments. We hope the
reader will feel encouragedto do so.

Proofs and Theorems

Most mathematics books including Calculus texts follow a theorem-proof
style, where rst a theorem is preserted and then a corresponding proof
is given. This is seldomappreciated very much by the students, who often
have ditculties with the role and nature of the proof concept.

We usually turn this around and rst presen aline of thought leadingto
someresult, and then we state a corresponding theorem as a summary of
the hypothesis and the main result obtained. We thus rather usea proof-
theorem format. We believe this is in fact often more natural than the
theorem-proof style, sinceby rst preseriing the line of thought the di®er-
ent ingredients, like hypotheses,may be introducedin a logical order. The



152 Appendix B. Prefaceto Body&Soul

proof will then bejust like any other line of thought, where one successiely
derives consequencesrom some starting point using di®erert hypothesis
as one goesalong. We hope this will help to eliminate the often perceived
mystery of proofs, simply becausethe student will not be aware of the fact
that a proof is being preseried; it will just be a logical line of thought, like
any logical line of thought in everyday life. Only when the line of thought

is "nished, one may go back and call it a proof, and in a theorem collect
the main result arrived at, including the required hypotheses.As a conse-
guence,in the Latex versionof the book we do usea theorem-ervironment,

but not any proof-ernvironment; the proof is just a logical line of thought

precedinga theorem collecting the hypothesisand the main result.

The Mathematics Laboratory

We have deweloped various piecesof software to support our program into
what we refer to as the Mathematics Laloratory. Some of the software
senesthe purposeof illustrating mathematical conceptssuc as roots of
equations, Lipschitz cortinuity, xed point iteration, di®ereriabilit y, the
de nition of the integral and basic calculus for functions of seweral vari-
ables;other piecesare supposedto be usedas modelsfor the students own
computer realizations; nally somepiecesare aimed at applications such as
solversfor di®erertial equations. New piecesare being added cortin uously.
Our ambition is to also add di®erert multi-media realizations of various
parts of the material.

In our program the studernts get a training from start in using MATLAB
as a tool for computation. The dewvelopmert of the constructive mathe-
matical aspects of the basic topics of real numbers, functions, equations,
derivatives and integrals, goes hand in hand with experience of solving
equationswith "xed point iteration or Newton's method, quadrature, and
numerical methods or di®ererial equations. The students seefrom their
own experiencethat abstract symbolic conceptshave roots deepdown into
constructive computation, which alsogivesa direct coupling to applications
and physical reality.

Go to http://www.phi.c halmers.se/lodysoul/

The Applied Mathematics: Body & Soul project has a web site contain-
ing additional instructional material and the Mathematics Laloratory. We
hope that the web site for the student will be a good friend helping to
(independertly) digestand progressthrough the material, and that for the
teacher it may o®erinspiration. We also hope the web site may sere as
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a forum for exchange of ideas and experiencerelated the project, and we
therefore invite both studernts and teachersto submit material.

My heart is sad and lonely
for you | sigh, dear, only
Why haven't you seenit

I'm all for you body and soul
(Green, Body and Soul)






Appendix C
Public Debate

Get this (economic plan) passed. Later on, we can all debate it.
(President George Bush, to New Hampshire legislators)

There is somepublic debate on mathematics education in Sweden, and
probably alsoin other courtries. There seemsto be a common agreemen
that there is a crisis in mathematics education today (although the chair-
man of the Mathematics Delegation does not believe there is). A com-
mon view among professionalmathematicians teaching mathematics at a
university/college, is that the main manifestation of the the crisis is that
the studerts ertering the university/college have an inadequatetraining in
mathematics from high-sdhool. This represelts a privilege of problemde ni-
tion. This term was coinedby the famous Swedish author Lars Gustafsson,
since many yearsactive from a platform outside Swedenat the University
of Austin, during the Marxist heydays of 1968.It is clear that to have (or
take) this privilege givesan advantage in a debate.But of course,it is risky,
sinceif the privilege is lost, the debate may be lost as well.

The problem of mathematics education at the university/college, and
apparertly there is a problem, is thus identi ed to be causedby a lack of
training in high-school; the studerts know too little mathematicswhenthey
enter the university, which e®ectiwely prevents them from learning more.
This messagehas beendelivered in seweral debate articles in the Swedish
press, usually signed by a group of university professorsof mathematics.
We refer to this asthe standard problemde nition .

In seweral debate articles in the Swedish press, we have questionedthe
standard problem de nition, with argumerts like those presered in this
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book. We have received quite a bit of positive response from many, but
none from the (many) professorsbehind the standard problem de nition.

We presert below our latest debate article (published on March 6 2004 in
G#ételorgs-PostenGP, the secondpaper in Swedenwith 600.000copies/day),
where we put forward the idea that the lack of responsefrom professional
mathematicians may comefrom a lack of training in computational mathe-
matics. Notably, there wasno responseto this article. Maybe Wittgenstein's
famous\Whereof one cannot speak, thereof one must be silert." describes
the situation.

Further, teachers at high-scools say nothing to defend themseles, be-
causein the established hierarchy of sciencethey cannot argue with uni-
versity professors.The situation is similar for the experts of mathematics
didactics in charge of the education of high-school teachers. The net result
is that the debate, in the senseof exchange of ideas and viewpoints, is
almost non-existert.

Our debate article readsasfollows, with the headlines set by the news-
paper.

Old FashionedView of Mathematics Behind Crisis

A recert debate article in GP signed by a group of university professors
sendsyet another messagdhat mathematics educationis in a state of crisis.
The next day the article is followed up by a report from the mathematics
education at Chalmers where many students get bogged down. (What a
waste of human resources!).

The idea that mathematics education on all levelsis in a state of crisis,
is widely spreadand made Sstros form the Mathematics Delegation. Many
university professorsclaim that the root of the crisis at the university is
the inadequatetraining the studerts get in high school mathematics, asin
the debate article and the report.

A Deeper Reason?

But is there somedeeper reasonbehind the crisis, so vividly witnessedby
somany? Could it be that the main problem is not so much the student,
but instead the professor?Could it be that the reasonis that mathematics
asa religion with its priestsis in a state of crisis, and that the congregation
thereforeis loosingfaith? What a heretical thought! It can't be true, or can
it?

Yes, it can. Suc things happenin science,and mathematicsis a science.
New views replace older onesin changesof paradigm, or scierti ¢ revolu-
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tions, usually during extended periods of agory, according to the famous
Thomas Kuhn, who has carefully analyzedthe phenomenon.

Such a scierti ¢ revolution is now going on in mathematics causedby
the new possibilities of mathematical computation the computer o®ers.
Our new Information Scociety with word, image and sound in digital form
is basedon computational mathematics, which is the mathematics usedby
the computer. The computer is changing mathematics as a scienceand as
atool in our scciety.

Today we may speak of mathematics without computer, as preseried in
the traditional mathematics education at Chalmers, with analytical formu-
las asthe kernel (seethe report), and mathematics with computer, which
is the new computational mathematics with algorithms for computation as
the kernel.

There is no sharp line between these areas: an algorithm is expressed
in analytical mathematical formulas, which are translated into computer
code, and good formulas may give understanding and insight. The mathe-
matics professorswho signedthe debate article and expresstheir views in
the report all represern mathematics without computer, and seemto share
the view that the root of the crisis at the university is inadequatetraining
in high-school.

Modern Eduction

What would a modern mathematics education (mathematics with com-
puter) look like? Is there anything like that? Yes! We have deweloped a
reformed mathematics education, which is e.g. used for the students of
chemical engineering at Chalmers. We refer to our reform program as
Body&Soul, where Body represerts computation and Soul mathematical
analysis. And indeed, the students of chemical engineeringmanage their
studies in mathematics quite well, despite the facts that our program has
a high level and mathematics is dizcult. Many students are surprisingly
good, and very few fail completely.

We believe that we have shovn a route to a both understandable and
useful modern education. We contin ue our work towards a reformed high-
scthool education, following the principle that the top brick in the building
of knowledgehasto be put accordingto the current standpoint of science,
and the bricks below soasto give support.

Lack of Deate

One could now expect the debateabout our program to belively, if it could
cortribute to resolwe the crisis? But there is no debate. We know this from
making seweral attempts in GP and DagensNyheter, which have all been
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met with silence.We believe the reasonmay be that expert knowledgein
computational mathematics is required to constructively debate (the top
brick of a) modern mathematics education, and we don't seethis knowledge
among the professorsbehind the debate article and the report, neither
among all the members of the Mathematics Delegation. Maybe in this
context one could speak of inadequate training?

Who would be able to say that what we are saying is not correct? Who
would dare to say that what we are saying is maybe quite true?

Seek Answers

But the problem remains: How to comeout of the crisis if you don't want
to debate? If you don't want to reform? If professional mathematicians
can't agreeon where mathematics asa sciencestandstoday. If you want to
focus on inadequate training in high-school only, and not scrutinize your
own role and the content and form of the education at the university? If
the Mathematics Delegation refusesto engageexpertise of computational
mathematics and does not want to seekanswersto questionsof what and
why?

Kenneth Eriksson, Prof of Applied Mathematics, College of TrollhAttan,
Johan Ho®man, Post Doc, Courant Inst of Mathematical SciencesNY,
ClaesJohnson, Prof of Applied Mathematics, Chalmers,

Anders Logg, Ph D student, Computational Mathematics, Chalmers,
Nils Svanstedt, Prof of Mathematics, University of Géteborg.



